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Abstract 



In [FFR] Feingold, Frenkel and Ries gave a spinor construction of the vertex operator 
para-algebra (abelian intertwining algebra) V = ®V^, whose summands are 

four level- 1 irreducible representations of the affine Kac-Moody algebra \ The triality 
group S 3 = {(T,T \ cr^ = I = T^, tctt = cr"') in Aut(V) was constructed, preserving V° and 
permuting the V', for / = 1,2,3. V is ^Z-graded where V'^ denotes the n-graded subspace of 
v. Vertex operators Y{v, z) for v 6 represent ' on V, while those for which cr(v) = v 
represent Gj^^ 

We investigate branching rules, how V decomposes into a direct sum of irreducible G2 
representations. We use a two-step process, first decomposing with respect to the interme- 
diate subalgebra ^3'^ represented by Y(v,z) for t(v) = v. There are three vertex operators, 
Y(a)D^ , z), Y(a)B^ , z), and Y(a)G2 > ^) ^^^h representing the Virasoro algebra given by the Sug- 
awara constructions from the three algebras. The Goddard-Kent-Olive coset construction 
[GKO] gives two mutually commuting coset Virasoro representations, provided by the ver- 
tex operators Y{oj^D4-Bi),z) and Y(oj^Bi-G-,),z), with central charges | and respectively. 
The first one commutes with B''^\ and the second one commutes with ^ This gives the 
space of highest weight vectors for G^^ in V as tensor products of irreducible Virasoro 
modules L(l/2, h^^^)®L(l /z'^"'). This dissertation explicitly constructs these coset Vi- 
rasoro operators, and uses them to describe the decomposition of V with respect to Gj ^ 
This work also provides spinor constructions of the ^ Virasoro modules, and of the two 
level- 1 representations of Gj ^ inside V. 
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Chapter 1 
Introduction 



This dissertation solves a specific problem in the representation theory of the infinite di- 
mensional Kac-Moody Lie algebras. Given an irreducible representation V' of such an 
algebra g, and a subalgebra go, branching rules give the decomposition of V' into a direct 
sum of irreducible representations of go- While the number of summands in that decom- 
position may be infinite, it is possible to organize them into a finite number of modules 
for another Lie algebra that commutes with In many cases, that commuting Lie alge- 
bra is the Virasoro algebra, which is a vital part of conformal field theory in physics. The 
specific decompositions investigated here are for the four level- 1 irreducible modules, V', 
< / < 3, of the affine algebra g of type ^ with respect to its afline subalgebra §0 of 
type G^'\ We use the spinor construction from Clifford algebras of these four modules 
given in [FFR] which provides © y\ the Neveu-Schwarz modules, with the structure 
of a vertex operator superalgebra (VOSA), provides © V^, the Ramond modules, with 
the structure of a module for that VOSA, and provides V = © © © with the 
structure of a vertex operator para-algebra (VOR\), also known as an abelian intertwining 
algebra. An action on V of the triality group, the symmetric group 53, is also provided, and 
gives §0 as certain fixed points under 53. The vertex operator algebra (VOA) structure on 
y" includes vertex operators Y{v, z) for v 6 y° which represent the affine algebras g and go, 
as well as an intermediate affine algebra, bi, of type B''^\ the fixed points under an order 2 
element of 53. For each of these three affine algebras, g □ bi □ §0, there is an associated 
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representation of the Virasoro algebra provided by vertex operators Y(ojd^, z), ¥(0)33,1) and 
Y(a)G2,z). Using the [GKO] coset construction we get vertex operators Y(a)(D4-B3),z) and 
Y(co^B3-G2)^z) providing two commuting coset representations of the Virasoro algebra with 
central charges ^ and ^, respectively, both commuting with the operators representing §0. 
Under these circumstances each irreducible g-module, V', decomposes into a direct sum 
of tensor products of the form L(\/2,h^'^) O L(7/10, /z'^"') O W(Q.j) where L(c,h) is the 
irreducible highest weight Virasoro module with central charge c, the Virasoro operator Lq 
acts as h on the highest weight vector, and W(Q.j) is the irreducible highest weight module 
for §0 with highest weight Qj. 

The main results of this dissertation are the following explicit decompositions for each 
level- 1 irreducible ^-module, V', < z < 3, as a direct sum of ^-modules, where the 
infinite number of summands is expressed as a finite sum of tensor products of two kinds 
of coset Virasoro modules. For the Neveu-Schwarz modules we have 

y" = L(1/2,0)®L(7/10,0)(8) W(Qo) 
e L(l/2,0) O L(7/10, 3/5) O ^^(^2) 
e L(l /2, 1 /2) ® L(7/ 10, 1 / 10) (8) VK(r^2) 
e L(l/2, 1/2) ® L(7/10, 3/2) O WiQo) 

and 

=L(l/2, l/2)OL(7/10,0)Ol¥(Qo) 
e L(l /2, 1 /2) L(7/ 10, 3/5) ® ^^(^2) 
eL(l/2,0) OL(7/10, l/lO)®W{n2) 
eL(l/2, 0) O L(7/10, 3/2) ® WiQa) 
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and combining them we have 

V^eV' = (L(1/2, 0) e L(1/2, 1/2)) (L(7/10, 0) e L(7/10, 3/2)) W(Qo) 

e (L(1/2,0) eL(l/2, 1/2)) ® (L(7/10, 1/10) eL(7/10, 3/5)) W^(Q2)- 

For the Ramond modules we have 

= L(l/2, 1/16) 0L(7/10, 3/80) W{Q2) 
© L(l/2, 1/16) ® L(7/10, 7/16) W(^lo) 

and 

= L(l/2, 1/16) L(7/10, 3/80) ^(^2) 
© L(l/2, 1/16) 0L(7/10, 7/16) 0W(f2o)- 

We prove these results by explicitly finding highest weight vectors corresponding to each 
direct summand above, which gives containments for each V'. We get the equalities by 
showing that the principal graded characters on both sides are equal. 

The organization of this dissertation is as follows. After giving the necessary back- 
ground in Lie theory, we give an exposition of the theory of characters (graded dimension) 
of modules for the algebras we consider, and prove the character identities needed to com- 
plete our decompositions. We then present the algebras and representations in the spinor 
construction, and construct all of the necessary vertex operators. These are used to find 
the highest weight vectors and verify their properties giving each of the summands in the 
above formulas. 
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Chapter 2 
Background 



This chapter is an attempt to keep the document self contained. We refer the reader to any 
appropriate text, for example [Hum] or [Car] for a detailed exposition on the material in 
the first section, and to [Car], [IK2], or [Zx] for the sequel. 

2. 1 Finite Dimensional Lie Algebras, Automorphisms, and 
Representations 

Definition 2.1. Let g be a vector space over a field F with a bilinear operation given by the 
bracket [■,■]: 9 x 9 ^ 9- We call g a Lie algebra if the following properties are satisfied for 

all x,y,ze g: 

(a) [x, x] =0 

(b) {x,ly,z]\ + {yAz,xW + {zAx,y]\=Q. 

An ideal / c g is a subspace such that [/, g] c /, and g is simple when it has no proper 
nontrivial ideals. A Lie algebra g is called abelian when \_x,y] = for all x,y e q, and an 
element x e g is called central when [x, y] = for all y e q. A Lie algebra homomorphism 
is a linear map : gi ^ g2 where (/'([jc,y]) = [(f>(x), ^(y)] for all x,y e gi. Lie algebra 
isomorphisms and automorphisms are defined accordingly. 
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Example 2.2. For any vector space V, the vector space End(V) of endomorphisms forms 
a Lie algebra with the bracket given by the commutator [x,y] = x o y - y o x for all 
x,y e End(y). 

Definition 2.3. A Lie algebra representation on a vector space V is a Lie algebra homo- 
morphism : g -> End(V), that is, ^[jc,};] = (p(x) o (piy) - <p{y) o (j){x) for all x,y G g. 
This is equivalent to saying that V is a ^-module, where the action of g on V is given by 
X ■ V = (p{x){v) for a: € g and v G V. A subspace U c y of a g-module V is called a 
Q-submodule (sub-representation) when U is invariant under the action of g. A g-module V 
is called irreducible when it has no proper nontrivial submodules. V is called completely 
reducible when it has a decomposition into the direct sum of irreducible g-modules. 

Example 2.4. The adjoint representation, ad : Q End(g), defined by adx(y) = [x,y] for 
any jc, j e g, is a Lie algebra representation of g on itself. 

Definition 2.5. We call t) ^ g a Cartan subalgebra (CSA) of g when I) is a maximal abelian 
subalgebra of g such that {adh | /i e f)} is simultaneously diagonalizable in End(g). The 
dimension of any CSA, independent of choice, is the rank of g. 

Definition 2.6. A root space, g^ c g, is a simultaneous eigenspace for the ad action of a 
CSA I), that is, g^, = {x € g | [h, x] = a(h)x, for all /i G I)}, where or G I)* is a linear functional 
in the dual space f)* such that g^ 0. However, go = I) is not called a root space. Denote 
by <D = {or G ^* I or and g^ ^ 0} the set of roots of g. Note that [g^, g^g] c for any 
a,fi G O U {0}. A decomposition g = I) © g^ is called a root space decomposition o/q. 

By the famous Cartan-Killing theorem, the finite dimensional simple Lie algebras over 
the complex numbers are classified into four infinite families and five exceptional Lie alge- 
bras. Below are these Lie algebras and their associated Dynkin diagrams. The four families 



5 



are: 

A^;5l(€+l,C) for£>l O— O— « 

Bf, so(2£ + 1 , C) for ^ > 2 ^^-^ 

Q;sp(2AC) for^>3 O— d---- 

D^;50(2^,C) for^>4 O— 

the special linear algebras, orthogonal algebras, and symplectic algebras; and the five ex- 
ceptional algebras are: 

El 
Es 

G2 ^9 

When £ = 4 the Dynkin diagram for D4 has an 5 3 symmetry called triality. Let cr 
be the diagram automorphism which rotates the outer nodes counterclockwise and fixes 
the middle node. Let t be the order-two diagram automorphism which fixes the middle 
and leftmost nodes while permuting the two rightmost nodes. Let G be the permutation 
group generated by cr and r. These diagram automorphisms correspond to Lie algebra 
outer automorphisms which we denote by the same symbols. Notice that r, err and ct^t are 
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---d-H^ 






the order-two automorphisms which fix the middle node and one other node. For each of 
those order-two elements, the fixed points of under it form a Lie subalgebra of type B^, 

2 

Dl = B^, = 53 and D'^ ^ = Bi,. The fixed points of D4 under G form a Lie subalgebra 
of type G2 inside each of those copies of B^, but in fact, that subalgebra is the fixed points 
under just cr, = G2. 

Definition 2.7. Let be the Euclidean space with an inner product (•, •)• A subset O c 
is called a finite root system if the following four properties are satisfied. 

(a) O is finite, spans and does not contain 0. 

(b) For any a G O, G O if and only if A: = +1. 

(c) For each or G O, the reflection Tq. through the hyperplane perpendicular to or leaves O 

invariant. The reflection is given by ra(A) = A - (A, a)a where {A, a) = 2^1^. 

(a, a) 

(d) For Qr,)S G O, {a,/3) G Z. 

Definition 2.8. A subset A = {ori, • • • , ar^} of a root system O is called a set of simple roots 
if span(A) = span(O), so A is a basis of MJ, and for each root a G O, either a or -a can 
be written as a non-negative integral linear combination of the simple roots, 2f=i h^^i for 
< ki e Z. The positive roots relative to a choice of A are O"^ = {or G O | or = J^f^j A,Qr„ < 
ki G Z}, the negative roots are 0~ = -0+, and O = O"^ U 0~. The root lattice of O is the 
integral span of the simple roots, = J^f^j Zor, and we write = (Hf^i ^,0^, | < fc, G Z}. 
There is a partial order on R^ defined by ;u < /I when /I - ^ G QJ. 

Definition 2.9. Let O be a root system and A a set of simple roots in O. Define the as- 
sociated Dynkin diagram to be the graph whose vertices (nodes) correspond to the simple 
roots, and whose edges are determined as follows. The number of edges between nodes or,- 
and Uj for / # j is {at, ajXaj, ai), an integer between and 3. If this integer is 1 there is 
an undirected edge between those nodes. If this integer is 2 or 3 then (or,, ai) ^ (aj, aj) and 
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the edges are directed by an arrow aimed from the longer root to the shorter one. The in- 
formation encoded in the Dynkin diagram is equivalent to the Cartan matrix A = [(or,, aj)]. 

Definition 2.10. Let O be a root system. The Weyl group, 'W, is the group generated by 

the simple reflections ra-, 'W = {r^i I ai e A). 

Remark 2.11. In the proof of the classification of finite dimensional simple Lie algebras 

over the complex numbers, the existence of a Cartan subalgebra, I), with dim{l)) = i, gives 
a finite set of nonzero linear functionals, O c f)*, and a root space decomposition of the 
Lie algebra. It is shown that there is a positive definite inner product on the real span of 
<I), which is therefore isomorphic to R.^, and O satisfies the axioms of a root system given 
above. It is shown that O has a set of simple roots, and the Weyl group generated by the 
simple reflections acting on the real span of O can also be understood as acting on \)*, which 
is the complex span of O. 

Definition 2.12. Let V be a finite dimensional g-module such that the CSA 1) acts simulta- 
neously diagonalizably on V, with simultaneous eigenspaces {weight spaces) = 
{v \ h-v = n{h)v, for all e ^} where n Call p. a weight of V if and 
write Tl(V) = {/i e 1)* | 0} for the set of all weights of V. We say that a nonzero vector 
V e y is a highest weight vector (HWV) when v e for some A e Il(V) and jc • v = for 
all X £ Qa with or G O"^. If y is irreducible then V contains a highest weight vector unique 
up to scalar multiples, and V is uniquely determined by the weight A of that HWV, so we 
label that module by V'^ and call it a highest weight representation. In that case, we write 
n(y'*) = li^ and for any weight ;U G 11"* we have p < A. The weight space decomposition 
of V'^ is its direct sum decomposition into weight spaces, = For 9 finite dimen- 

sional simple, g itself is an irreducible g-module by the a<i- action, and its highest weight is 
its highest root, denoted by 9. 

Definition 2.13. For a finite dimensional irreducible highest weight g-module V'^, the char- 
acter of y-^ is the following element of Z[I)*] = (H^gs \n^ &Z,S Q\!)*,\S\ < oo}, the 

8 



integral group ring over t)*, ch(V'^) = D^en'' dim(V^)e^. The character of a direct sum of 
such g-modules is the sum of the characters of the summands. The character of a tensor 
product of such g-modules is the product of the characters of the tensor factors. 

Definition 2.14. The integral weight lattice associated with a root system O is P$ = 
{/I e I)* I {A, ai) e Z, or, e A}. It can be seen that = ^f^j ZAi where Ai is the fundamental 
weight defined by {Ai, aj) = 6ij for 1 < /, j < £, and 2$ c The set of dominant integral 
weights is = {/I e I)* I < (A, or,) e Z, a, e A} and it is clear that = | < 

e Z}. For all A e there is a finite dimensional irreducible representation V'^ of g 
with highest weight A and all of its weights, H-^ = {wQi) \ fx G P%,H < A,w & 'W}, are in 
Po. Also, for each finite dimensional irreducible g-module V there is a /I e P"^ such that 
V = V'*, and XI-^ is invariant under the action of the Weyl group, 'W. 

Tlieorem 2.15. For any A ^ we have the following Weyl character formula for the 
character of irreducible finite dimensional highest weight Q-module V"^: 

S ^ 
ch(V^) = where 5^ = ^ sgn(w)e''^'-f and P = ^ 

P W€W !=1 

The Weyl denominator formula is: 

S,= Y\(l-e-"). (2.1) 

Note that setting Ui = e~"' for I < i < £, both Sp and e~^ ch(V'^) are in the group ring 
Z[ui,--- ,U{]. 

Definition 2.16. Let V be a vector space over a field F with a symmetric bilinear form (•, •)• 

The Clifford algebra Cliff = Cliff(y, (•, •)) is the associative algebra over F generated by V 
with unit element 1 and relations ab + ba = (a, b)l for any a,b &V. If is any left ideal 
of CUff" then CM = Cliff/ is a left CUff -module, that is, a vector space on which CUff" 
acts by left multiplication as endomorphisms satisfying the relations in Cliff, thus giving a 
representation of Cliff on CM. 
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Let V* = C^,V = V'^ ®V~, and let (•, •) be non-degenerate such that each subspace V* 
is isotropic. For a,b e V let labi = \{ab - ba) G Cliff and let g = span{iabi \a,b & V}. 
Then the relations in Cliff imply that g is closed under commutator, thus forming a Lie 
algebra which can be shown to be of type Df. The relations in Cliff also imply that for all 
a,b,c e V, the commutator [iabi,c\ G V, showing that V is a g-module. Let be the 
left ideal of Cliff generated by V^, so that CM = Cliff/ = (AV") • vac where vac = 
1 + o^, and CM = CM° ® CM^ is the decomposition according to parity, the Z2-grading of 
/\V~. Although CM is an irreducible Cliff -module, both CM° and CM^ are invariant and 
irreducible under the left multiplication by g. These explicit constructions give the adjoint 
representation of dimension - i and three other irreducible representations of D(, the 
natural representation of dimension 1£, and the two semi-spinor representations, each of 
dimension 2^"^. We will be using only the case of £ = 4, and details will be provided later. 

2.2 Infinite Dimensional Lie Algebras and Representations 

Definition 2.17. For a finite dimensional simple Lie algebra g, define the untwisted affine 
Kac-Moody Lie algebra Q = g<8)C[?, t~^~\®Cc®Cd, where we use the notation x(m) = x®?*" 
for X G g and m G Z, and the Lie brackets are 

[x(m),y(n)] = [x,y](m + n) + m6m-n(x,y)c, [c, g] = 0, and [d,x(m)] = mx(m) (2.2) 

for x,y e Q and m,n G Z, and where (•, •) is a non-degenerate invariant symmetric bilinear 
form on g with a certain standard normalization. We identify g with g <8) c g so g is a Lie 
subalgebra of g. 

This affine algebra g has CSA H = \)®Cc® Cd, a maximal abelian subalgebra whose 
ad action is diagonalizable, and root space decomposition Q = H®^^Qa where the affine 

root system is denoted O, and we write dim(Qa) = mult(a). In order to describe the affine 
root system in the dual of the Cartan subalgebra, H*, first extend the simple roots or, G A to 
be the elements in H* which are zero on c and d. Then define the elements c*,d* = 6 e H* 
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by c*(f)) = = c*(c) = 1 = d*{d) and c*(d) = = d*(c). Then O = {a + m5 | a 6 

O, m e Z} U {n5 | ^ n e Z} and the simple roots of g are A = {ao, ci, • • ■ , a(} where the 
new affine simple root, oq = 6 - 6 and 6 is the highest root of O. The dual Cartan, H*, has 
a basis {ori, ...af, c*,6}. The inner product on H is the extension of the inner product on I) 
such that (I), c) = = (f), J), (c, c) = = (rf, d) and (c, J) = 1. The inner product on H* is 
the extension of the inner product on I)* such that (I)*, c*) = = (I)*, 5), (c*, c*) = = (5, 5) 
and (c*,6) = 1. The partial order on I)* extends to a partial order on //* by /i < /I when 
A- iJ. = 2f=o for some < a,- 6 Z. 

Example 2.18. The three untwisted affine Kac -Moody Lie algebras that we will be con- 
cerned with are D[^\b\^^ and G[^\ Below are their Dynkin diagrams, respectively. The 
darker node corresponds to the affine root ao- 
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Definition 2.19. The affine Weyl group, "W, is the group generated by the simple reflections 
on H*,^V = {r,_\aieA). 

Definition 2.20. The fundamental weights of g are Aq = c*, and A,- = n,c* -I- Ai, I < i < i. 
The integral weight lattice and dominant weights are defined similarly as in Definition 2.14, 
P = ZA; and = {Sto ^i^i I < m,- e Z}. 

Definition 2.21. For each A = 2f=o f^i^i ^ there exists an irreducible representation of 
g, V^. The level of the representation, A(c) = mq + 2f=i wi,'^!, is the scalar by which the 
central element c acts on V^. The module has a weight space decomposition = V"^' 

where we have as before, = {v 6 | • v = iu{h)v, for all h e H} where fi e H* and 
= 6 P I ^ 0} = {wQu) eP\iue P^,n < A, w e nV} c e P | ju < A}. 
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Definition 2.22. Generalizing the character of a finite dimensional module, the graded 
dimension 

griV"-) = e~^ Yj dini{y^)e^' 6 Z[[m, | < / < ^]] (2.3) 

is a formal power series of + 1 variables, m,- = e""' , < i < £, since 11'^ Q {/u e P \ fx < A}. 
The character of the module is the shifted power series chiV'^) = e'^griV^). 

Theorem 2.23. For any A e P'^ we have the following Weyl-Kac character formula for the 
character of irreducible finite dimensional highest weight Q-module V^: 

S ^ 
ch(V^) = where 5^ = V sgn(w)e''^'P and P = V A,-- 

^ we'W '=0 

The Weyl-Kac denominator formula is: 

5^ = ]^(1 -e""r"''^"\ (2.4) 

Note that setting m,- = e~"' for < i < £, both S p and e~^ ch{V^) = gr(V^) are in the power 
series ring Z[[uq, • • • , u^]]. 

Definition 2.24. The Witt algebra D is the infinite dimensional Lie algebra with basis 
{d,„ I m e Z} and brackets [dm,dn] = {n - m)dm+n, for m,n e Z. This Lie algebra has a 
representation on the ring of Laurent polynomials, C[t, r'], where the action is given by 
the formula d,„ = f^^^j^. This action extends to an action on g by J„, • x{n) = nx(m + n) so 
that do = d d& in Definition 2.17. The Virasoro algebra, Vir, is the central extension of D, 
with basis {L„„ cy,> | m e Z} , and brackets 

[Vir, cvir] = and 

[L,„, L„] = (m - n)L„,+n + ]^(w^ - m)6,„^^nCvir for m,n eZ. (2.5) 

Remark 2.25. Note that [-dm, -dn] = (m - n){-dni+n) so the projection from Vir to D 
sends L,„ to -d,„. 
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Theorem 2.26. For each (c, h) 6 there is an irreducible representation of the Virasoro 
algebra (an irreducible \ir-module), denoted by Vir(c, h) or L(c, h), such that the central 
element Cvir cicts by the scalar c, called the central charge of the module, and such that there 
is a highest weight vector v"*" satisfying L,„{v^) = Ofor m > and Lq(v'^) = hv'^. For certain 
values of c and h the Yir-module Vir(c, h) admits a positive definite Hermitian form such 
that (L,„(u),v) = (u, L-,„{v)) for any u,v e \ir{c,h), in which case the module is called 
unitary. A very important class of these are the discrete series /or which the central charge 
< c < 1 can only have one of the discrete set of values c = 1 --^(-^for 3 < s eZ, and for 
which there are only a finite set ofh given by the special formula h = h'"'" = ~\ 
where 1 <m<n<s+\. The graded dimension for each of these \ir-modules, as well as 
those of a larger class ofYir-modules called the minimal models, is given by a theorem of 
Feigin-Fuchs [FF], and will be used in this dissertation. 

Sugawara Construction 2.27. Let be a irreducible highest weight g-module. Let 
{w, I 1 < i < dim{Q)} be a basis of the finite dimensional simple Lie algebra g, and let 
{m' I 1 ^ dim{Q)} be the dual basis with respect to the normalized invariant symmetric 
bilinear form on g used in the bracket formula in Definition 2.17. Let Cox'^io) = 1 + {6,p) 
be the dual Coxeter number of g [KR] . Then the following Sugawara operators represent 



where the colons, : ; indicate bosonic normal ordering of these operators on V , that is. 



Vir on V^: 




for 



(2.6) 



\Ui{-k)u\m + k); = Ui(—k)u\m + k) 



if 



- k < m + k 



but 



\Ui{-k)u\m + k): = u\m + k)Ui(-k) 



if m + k < -k. 



In this Vir representation the central charge has value 



dim{%) ■ A(c) 



(2.7) 



c = 



Cox^(g) + A(c) 
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Spinor Construction 2.28. Let Z = Z + e G {z, Z + ^ j. Let A = A+ eA" where A± = are 
maximal isotropic subspaces with respect to a non-degenerate symmetric bilinear form on 

A. Choose canonical bases {^i, • • • , a^} and {a\, ■ ■ ■ , a*} for A^ and A~, respectively, such 
that {ai,aj) = = (a^a*) and (a,-, a*) = Define A(Z) = A fC{t,t~\ with elements 
written fl(n) = a^t", where a G A and n G Z, equipped with the symmetric bilinear form 

(a(m), b{n)) = (a, b)6m,-n for a,b e A, m,n€ Z. 

Let Cliff^(Z) = Cliff (A (Z), (•, •)) be the infinite dimensional Clifford algebra whose ele- 
ments satisfy the relations 

a(m)b(n) + b(n)a(m) = (a(m),b(n))l. 

When e = 5, define the maximally isotropic subspaces 

A(Z)+ := span {a(n) e A(Z) | n > 0} 
A(Z)" := span {a(n) G A(Z) | n < 0} 

and when 6 = 0, define 

A(Zy ■= span {a(n) G A(Z) | n > 0} U span {a(0) | a G A+} 
A(Z)" := span {a(n) G A(Z) | n < 0} U span {a(0) | a G A~}. 

Let y(Z) be the left ideal in Cliff^(Z) generated by A(Z)"^ so the quotient 

CM,(Z) = CUffKZ)/ ^(Z) (2.8) 

is an irreducible left Cliff^(Z)-module with vacuum vector 

vac(Z) = 1 + J^(Z) (2.9) 

such that A(Z)+ • vac(Z) = 0. We have 

CM((Z) = span {&i(-/ii) • • • &,(-«,) vac(Z) | &,(-«,) G A(Z)-}, (2.10) 
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and is graded, where the grading is given by the absolute value of the sum of the mode 

r 

numbers, ^ n,. There is a direct sum decomposition CM^(Z) = CM^(Z) © CMJ(Z) into 

i=\ 

even and odd subspaces, depending on the parity of r. Define the fermionic normal ordering 

a(m)b(n) for m < n 

:a(m)bin): = \ l/2(a(m)b(n) - bin)a(m)j form = n (2.11) 
-b(n)a(m) for m > n 

so that ia{m)b{n)i = -ib{n)a{m)i. 

When Z = Z + i the modules CM^(Z) = CM*^'(Z) e CM^(Z) are called Neveu-Schwarz, 
and when Z = Z they are called Ramond. The decomposition of these two Clifford modules 
provide the spinor construction of four level- 1 representations for the affine Kac-Moody Lie 
algebra g of type D^^\ Adopt the notation, 

y° = CM°(z + \), = CM\{z + \), = cm°(Z), = cmJ(Z), (2.12) 

and let denote the n''^ graded subspace of V'. The highest weights of these four modules 
are 

Ao, Ai-i(5, A4-|5, A3-|c5, (2.13) 

respectively, corresponding to the four endpoints of the Dynkin diagram, and with highest 
weight vectors 

vac = vac(Z + i), ai(-^) vac, vac' = vac(Z), a^(0) vac' . (2.14) 

The best way to express the operators representing g and Vir on these modules is through 
generating functions. Let w be a formal variable and for a e A write the generating function 
of Clifford operators 

a(w) := a(m)w-'"-^'^ (2.15) 

m€Z 

and its derivative generating function 

fl(i)(w;) := Yj(-m - \)a{m)w~"'-^l^ . (2.16) 



m€Z 
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Using the fermionic normal ordering, we can define the following generating functions of 
operators 



:a(w)b(w): = ^ ^ ia{m)b(n)iw "~ 

meZ neZ 

= ^ ^ :a{k-n)b{n): 



■m- 1 



keZ \neZ 



W 



-k-l 



(2.17) 



and 



-n—m-2 



meZ neZ 

= ^ ^^(n - k - ^):a(k - n)b{n)i 



w 



-k-2 



(2.18) 

keZ \neZ > 

For each k eZ,we will use the following notations for the inner summations in (2.17) and 
(2.18), respectively, 

J^:a{k-n)bin): = :aiw)b{w):k (2.19) 

n€Z 

and 

Y^(n-k- \):aik-n)bin): = :a^^\w)biw):k. (2.20) 

neZ 

Because of the normal ordering, both :a(w)b(w)i^. and :a'-^\w)b(w)i^. are well-defined op- 
erators on CM(Z) for all k e Z, providing a representation of g and Vir onV = V'^ ® 
ffi as follows. Let the operators Lf be defined by their generating function 



keZ 



l+(-l ) 
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2e 



1 

iw-' +- J]:af\w)a*(w) + a;'-'\w)at(w): 



(2.21) 



(=1 



This means that for 6 



= ^ X*-" ~ 2^)»«'(^ - n)a*{n)i 



= 1 neZ 



and 



z+- ^ 

= ^ ^ n:ai{-n)a*{n): 



(2.22) 



(2.23) 



'■=1 1 
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but 

8 



^0 = ^ + J]J]n:ai(-n)a;(n):. (2.24) 

(=1 neZ 



Proposition 2.29. [FFR] Let g be the untwisted affine Kac-Moody Lie algebra of type D^p. 
For Z e Z or Z + ^ the operators (2.19) represent the elements iabi{k) 6 g/or ^ 6 Z, the 
identity operator represents c 6 g, the operator -L^ given in (2.23) and (2.24) represents 
d e Q, and the operators (2.22), (2.23) and (2.24) represent L^ e Vir on CMf(Z) with 
cvir acting as the scalar i. CMi{Z) = CM^i{Z) © CM\{Z) is the decomposition ofCM((Z) 
into two irreducible Q-modules, so that (2.12) are the four level- 1 Q-modules with highest 
weights given in (2.13). 

Remark 2.30. These operators are examples of vertex operators, 

Y(v,w)= ^ y,„(v)w-'"-""<") (2.25) 

where v e V = Vr is a ^Z-graded vector space, v e Vris said to have weight r = wt{v), 

re\z 

w is a formal variable and Y^iv) is an operator on V. That vector space is CM^(Z+ ^) where 

Z+^ 1 

the grading is given by the eigenvalues of Lq ^ . In particular, (2.15) - (2.18) withZ = Z + ^ 
are the vertex operators 

y(a(- \ ) vac, w) = a{w) (2.26) 
Y{a{-\) vac, w) = a^^\w) (2.27) 
Y{a{-\)b{-\)\aiC,w) = :a{w)b{w): (2.28) 
y(a(-|)Z7(-i)vac,w) = :a^^\w)b{w)i (2.29) 

and with conformal vector 

c 

coDe = \Yj + a*{-l)ai{-\)) vac (2.30) 

i=\ 

(2.21) with Z = Z + ^ is the vertex operator 

Y{0JDnW) = L^\w). (2.31) 
17 



Furthermore, the operators in (2.19) and (2.20) are 

n(a(-i)K-5)vac) = :a(w)b(w):, (2.32) 
n(a(-|)K-^)vac) = :a^'\wMw):,. (2.33) 

In [FFR] it is shown that CMf(Z + ^) has the structure of a vertex operator superalgebra 
(VOSA) with even part and odd part V^. In order to give CM^(Z) the structure of 
a module for that VOSA, we first define unmodified vertex operators Y{v,w) as in the 
definitions (2.26) - (2.33) with Z = 1,. Define the Ramond module vertex operators to be 

F(v, w) = y(exp(A(w))v, w) (2.34) 

where 

= Z Z ^^n,nai{m + \)a*{n + l)w~i (2.35) 

l<r'<^ 0<m,neZ 

is a generating function of operators on CMc{Z + ^) with coefficients 



C,„ = L^lLUL^i-m). (2.36) 

These vertex operators provide the Ramond module CM^(Z) with the structure of a vertex 
operator superalgebra module, as shown in [FFR]. For v e V'^ with / 6 {0, 1} and n e 
{0, 1/2, 1, 3/2},exp(A(w))v = v so Y{v,w) = Y{v,w). For n > 2, we may have exp(A(vv))v 
V, and, in particular, for v = a*/)^ we have 

exp(A(w))a;Df = codc + vac (2.37) 

(note correction to a misprint in [FFR], equation (3.62)) so 

Y{ajDn = Y((ODn + ^£w-^Y{\ac, w) = Y(ojDr, + \iw-^I = L^{w) (2.38) 

where / is the identity operator on CMf(Z). The efi'ect of this "correction" is to add the 
scalar ^£ to the unmodified operator Lq . We will not need to deal with cases where n > 2. 
The relations among vertex operators established in [FFR] will be used here without proof. 
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The Sugawara construction for g on each irreducible representation V', < z < 3, 
simplifies to the vertex operator Y{u)D[, w), which is actually a Sugawara construction for 
the Heisenberg subalgebra $ of g. For other subalgebras of g such simplification does not 
occur, so the full Sugawara construction will be needed in later chapters, where we will 
focus on the case £ = 4. For g of type -* we have triality, and g contains subalgebras 
of types ^3^^ and The associated full Sugawara constructions play a vital role in this 
investigation. 

To close this introductory chapter on background information we present the elegant 
theorem of [GKO] on the construction of commuting coset Virasoro algebras . 

Theorem 2.31. [GKO] Let I be a Lie subalgebra of a finite dimensional Lie algebra g, let 
be an irreducible representation o/g, and let Vir' and Vir-' be the representations of the 
Virasoro algebra on provided by the Sugawara construction for I and g, respectively, 
given by the operators {V^,c\.^ \ m e Z} and {L%,Cy.^ \ m e Z}. Then the differences 
Lf„ - also provide a representation of the Virasoro algebra on V^ with central charge 
^Vir ~ ^vir ~ ^vir- Morcover, this coset Virasoro representation, Vir^~', commutes with t and 
with \ir\ that is, [Lf„ - L^, f] = and [Lf„ - L\^, L|J = 0, for all m,n eZ. 

We will use this result to explicitly find two such coset Virasoro representations, one as 
we step down from D^^^ to Bf, Vir^*'^\ and another, Vir^^"^-, from B^^^ to G^^\ These 
coset Virasoros have central charges of ^ and ^, respectively, and their representations on 
V are the key to the branching rules that we wish to expose. 
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Chapter 3 

Graded Dimensions for Clifford, 
Virasoro, and g1^^ -Modules 



3.1 Clifford Modules 

Infinite dimensional Clifford modules play a central role in the spinor construction of level- 
1 modules for the affine Kac-Moody Lie algebras of type D'^P . In this investigation we will 
only be concerned with the case ^ = 4, where triality is present. In Chapter 5 we will see 
how the four irreducible ^ modules are constructed as the even and odd subspaces of two 
kinds of Clifford modules, the Neveu-Schwarz and the Ramond, 

= CM°(Z + {), P = CMi(Z + i), = CM°(Z), P = CM{(Z). (3.1) 

with highest weight vectors 

vac = vac(Z + \), ai(-\) vac, vac' = vac(Z), a;(0) vac' . (3.2) 

The highest weights of these four vectors, and their modules, are the fundamental weights 
Ao, Ai-j6, A4-^6, At,-j6, respectively, corresponding to the four endpoints of the Dynkin 
diagram, but the last three are shifted by -^6 because the derivation -d is represented by 
the Virasoro operator Lq. 

The homogeneous graded dimension of each Clifford module is easily written in a 
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product form as follows. 

4 

gr(CM4(Z+i)) = ]~[ Y] (1+^V)(1+^"V)> (3.3) 



' ^ Q<n€Z+j 



V 1=1 / i=\ 0<«€Z 

where is the weight of a, in the natural representation of D4, ^ = and 5 is the minimal 
positive imaginary root of Z)^^\ We will use the following notations: 

Vi = e'', Ui = e-"\ l<i<4, uq = e""" = e^'^ (3.5) 

where 9 = ai +2a2+aj +0-4 = ei+62 is the highest root of D4. The homogeneous characters 
of these Clifford modules are then just shifted according to their highest weights, 

c/j(CM4(Z + i)) = gr(CM4Z + i)), c/i(CM4(Z)) = e^''^'^ gr(CM4(Z)). (3.6) 

In order to relate these to each other it is necessary to know that 

A4 - Ao = .I4 = 5(61 + 62 + 63 + 64). (3.7) 

In the principal specialization of the graded dimension and character we set all = u for 
< / < 4, which means q = uoe~^ = uoU\u\u'iU4 = and from the relations between the 
simple roots and the 6,, we have v, = uf~^ for 1 < / < 4. This gives the following results for 
the principal graded dimension: 



^ 1 1 

gV(CM4(Z + i)) = W f[(l + v,^'"^2)(l + v-'q""^!) 



0<meZ i=l 
4 



0<meZ i=l 

= n ""'"^^^ ^ M^'"^^)(l + U^'"^^)(l + M^'"^^) • 

0<meZ 

(1 + M^'"+^)(l + M^'"^^)(l + M^'"^)(l + U^"'^^) 

= 2 ]~[ (1 + m")(1 + u^") 



l<ne: 



(p{u^)(p{u^) 



= 2 7,;:; (3.8) 
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For the Ramond Clifford module the principal graded dimension is exactly the same: 



( 4 



^V(CM4(Z)) = 



!=1 / !=1 l<neZ 

4 \ A 

]~[(i + m"-') n n + m'"'*m''")(i + 

!=1 / !=1 l<neZ 

= (1 + M^)(l + M^Xl + m)(2) ]~[(1 + m'^"-3)(1 + m'^"-2)(1 + 

\<n 

(I + m'^")(1 + m'^"+^)(1 + m''"+^)(1 + M^"+i)(l + M^") 
= 2 ]^ (1 + m")(1 + M^") 

l<neZ 



(p{u)(t){u^) 



(3.9) 



From (3.1) we see that 



and 



grpAV"") + = grpr{CM,{Z + i)) 



gr^XV') + grpriV^) = gv(CM4(Z)) 



(3.10) 



(3.11) 



and from the triality symmetry we also must have 



(3.12) 



which implies 



(p{u^)(p{u^) 



(3.13) 



0(m)0(m^) 

Although we do not need it here, there is another interesting specialization of the ho- 
mogeneous character which, when combined with the triality symmetry among W for 
1 < J < 3, gives a famous identity of Jacobi. If we use the specialization v, = 1 for 
1 < J < 4, then we get a "horizontal graded dimension" 



(3.14) 



0<«eZ+ 
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grUCM4(Z)) = 16 (1 + ^f. (3.15) 



0<neZ 

,2 



The horizontal characters of the two Neveu-Schwarz modules, after replacing q by q to 
avoid dealing with half -integral powers, and after multiplication by e'^" to start the series 
at 1, are then 

V()<«sZ 0<n€Z / 

c/.uyi)(^^) =^[0(1+ ^'"'>' - n (1 - ' (3.17) 

VO<n€Z 0<neZ > 

but the shifted horizontal characters of the two Ramond modules, including the {q^Y^^ 
factor from the highest weight, are equal, each being half of the total, 

chy^XV^q^) = chUVW) = 8qY](l+ q^"f. (3.18) 

l<neZ 

The equality chhor(V^)(q^) = chhor(V^)(q^) then gives the Jacobi identity 

Y\(i+ q^"^^f - n (^ ~ ^^"^^^^ = n (^ + (3-^^^ 

0<n€Z 0<n€Z l<n€Z 

3.2 Virasoro Modules 

The Virasoro algebra, Vir, is the infinite dimensional Lie algebra with basis {L^, C\m eZ} 
and brackets 

— m 

[L^, L„] = (m - n)L;„+„ + — _„C [L„, C] = 0. 

Representations of the Virasoro algebra, in particular the highest weight modules, are 
closely connected to the theory of affine Kac-Moody Lie algebras, and to the theory of 
vertex operator algebras. The class of "minimal models", and their graded dimensions 
(characters) play an especially important role in conformal field theory, string theory and 
vertex algebra theory. Each irreducible highest weight Vir-module, Vir(c, h) is uniquely 
determined by an ordered pair of complex numbers, the central charge c being the eigen- 
value of the central element C, and h being the eigenvalue of Lq on the highest weight vec- 
tor. The module Vir(c, h) decomposes into a direct sum of finite dimensional eigenspaces 
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for Lq, and the graded dimension (also called the character, although it does not actually 
characterize the module uniquely) is the formal power series 



gr(c,h) = J^dim(Vir(c,h)h-n)q"- 

n>0 

For some purposes it is important to multiply this series by a (possibly) fractional power of 

q, so one defines the "character" 

Xic,h) = q''-'^^'gric,h). 

The minimal models have particular values of the central charge c < 1, and for each one 
a finite number of h values, as follows. For 2 < s,t e. Z relatively prime and 1 < m < s, 
1 < n < let 

6(s - tf (mt - nsf -{s- tf 
cs, = 1 - K, = . (3.20) 

Then Feigin-Fuchs proved that the character ;k^f(^) of the module Vir(cj,f, h"^'") is given by 

(/i™;"-c,,.,/24) 

where (piq) = YlZii^ ~ ^')- Some of these characters have a product form, for example, the 
following two characters with C2,5 = 

CO ^ 

contain the product sides of the famous Rogers-Ramanujan series, which appear in many 
papers on the representation theory of Virasoro and affine Lie algebras. 

One way to see this is through the Jacobi Triple Product Identity (JTPI), which is the 
Weyl-Kac denominator formula for the affine algebra Af\ 

Y\(l - mV)(1 - UW^XI - m"'^") = J^(-lfu''^k+l)/2^kik-l)/2 (3 24) 

n>l k€Z 
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whose specializations yield the following identities 

(l>iq) = Y](l-q") = J](-^)'^'^''~'^'^ withM = ^, v = q\ (3.25) 

n>l keZ 

Y]a - q^"Xl - - q^"'^) = ^(-l)V(«+3)/2 ^.jj^ ^ ^ ^4^ ^ ^ (-3 

n>l keZ 

Y]il - ^^")(l - q^"'^)a - q^"'^) = Yji-lfq''^^''^'^'^ with u = q\ v = q\ (3.27) 

H>1 /teZ 

We record here for future reference the following notations and formulas for these series: 
= n n ^nJn 5„-3, = (3.28) 
= n n 5.-hn = Z^-W'-'"''. (3.29) 

(1 _^5« 1)(1 _^5n 4) ^ 

Note that the summation in (3.21) for {s, t) = (2, 5) and (m, n) = (1, 1) is 

q'''\q'' - q''"') = Xi(-l) V"'^^' (3-30) 

and for (m, n) = (1, 2) it is 

^i°^^(^^ - ^''^-^) = (3.31) 

using j = 2k to get the terms with coefficient 1 and j = -2k - 1 to get those with coefficient 
-1. These yield (3.22) and (3.23) by using (3.28) and (3.29). 

We will be concerned with the characters of Virasoro modules with central charge c = 
C34 = ^, which has three distinct h values, /z^'^ = 0, h^^'l = ^ and h^^'^ = j^. These three 
characters are: 

^3i(^) = ^-Z^"^(^^-^"") (3.32) 



keZ 



^5*^) = ^ • Z ^''''(^"'' - (3.33) 



keZ 
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Note that, replacing q by and then mukiplying by q^-* we find the power series 

0(r) ^ 
= ^ • Vf-i)V^ 



ii(3«+l)/2 



neZ 

0(^) 



m>l 

using n = 4k, n = 4k + I, n = 4k- I and n = 4fc + 2 to combine the four kinds of terms, and 
then using (3.25) to replace the summation by ^(q). This is a "virtual" graded dimension, 
that is, a linear combination of graded dimensions, with a shifted power of q to account for 
the "conformal dimension", q^''. Since the even powers of q all came from;^f3 and the 
odd powers of q all came from;^f3 4(<5r^), we see that 

2\2 



m>l 

For later use we define the notation 



so that 



and we may write 



•'<«'=^=n('-'?"") ("7) 

^ m>l 

^<-'"= 1^1= no ("8) 



m>l 



Xli(q')q^ = {{v{-q) + v{q)) (3.39) 

x\l{q^)q^' = \{v{-q)-v{q)). (3.40) 

Turning our attention now to the h = module, if we first replace k by -k in the 
summation in (3.34), without replacing q by its square, we can write 



na+o = -^ (3.41) 



neZ 
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using n = 2k and n = 2k-lto combine the two kinds of terms in the summation, and using 
(3.25) with q replaced by q^. 

We will also be concerned with the characters of Virasoro modules with central charge 
c = C4^5 = jq, which has six distinct h values, /z^ ^ = 0, h]^^ = ^, /r^' j = |, /z^'^ = |, 
K's ~ T6' ^45 ~ These six characters are: 



^ ^ ^ keZ 
_L_ 7 ^ 



(f>iq) 



keZ 



7^ 2 240 > 



keZ 



■ 7 _ 7 ^ 



4i(^) = ^-Z^"^(^"-^"") (3.46) 



keZ 



m 

r'- 16 241 

;rJ?(^) = ^-X^"^^(^"-^""')- (3.47) 

As above, we find that the first four combine in pairs after replacing q by q^ and multiplying 

7 

by ^ , but the last two simplify by themselves. We have 

- ^7^'Zj(^ +^ ^ (3.48) 

4>(q) 

using n = 4fc, n = -4k - \, n = Ak+ \ and n = 4k + 2to combine the four kinds of terms in 
the summation, and using (3.29). But this also gives 



Ixliiq') +Xli(q')]q^ = ^^^^ = v(-q)b(-q). (3.49) 
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We may then write 



= '^(v(-qM-q) + v(qMq)) (3.50) 
Xit(q^)q^ = \{v{-q)b{-q)-v{q)b{q)). (3.51) 



Similarly, we find 



\x'iiq') -x'iiq'M^ = = v(q)a(q), (3.52) 

\X^i(q') +Xli(q'm^ = ^^^^ = v(-q)a(-q). (3.53) 
So we may also write 

X\i(q')g^ = \(v(-q)a(-q) + v(q)a(q)) (3.54) 

45(?')?™ = '2(^(-q)a(-q)-v(q)a(q)). (3.55) 

Finally, for the last two characters we have 

= • = = ^, (3.56) 

^^^^ ^^1^ ^^1^ 

^5(«)«" = • E(-1)V<-' = = (3.57) 
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3.3 G^^^-Modules 

We will be concerned with the characters (graded dimensions) of two level- 1 irreducible 
highest weight modules for the aflane Kac-Moody Lie algebra G2 ^ These modules are 
denoted by W(Q.o) and W(Q.2), whose highest weights, Qq and Q.2 are the fundamental 
weights for G^'' corresponding to the two endpoints of the Dynkin diagram. 

The Weyl-Kac character formula for any Kac-Moody algebra, g, gives the homoge- 
neous graded dimension of any highest weight module, V^, with highest weight A, in the 
form of a ratio, 

XiV") = ^ where S^=J] sgn(w)e^^-f (3.58) 
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is the alternating summation over the Weyl group 'W, and p is the sum of the fundamental 
weights of the algebra. The Weyl-Kac denominator formula gives a product form for Sp, 

Sp = ]~[(1 - (3.59) 

a>0 

where the product is over the positive roots of the algebra, and mult(a) is the dimension 
of the a root space. All positive roots are non-negative integral linear combinations of 
the simple roots, ao, ai, a^, and for A any dominant integral weight, we have that 
A + p - w(A +p) is a non-negative integral linear combination of the simple roots. So if we 

define variables = e~"' for < i < i, then the normalized character (graded dimension), 

gr(V^)=;r(V^K^ (3.60) 

is in the power series ring Z[mo, mi, • • • , m^]. 

It is a remarkable result of Lepowsky that the principal specialization of the numerator, 
Sa+p where one sets all variables w, = u, equals a corresponding non-principal spe- 
cialization of the denominator for the dual Kac-Moody Lie algebra, g^, where one sets 
Ui = u^' for Si = (A + p){hi). We denote such a specialization by Spec^^^^^^^ ... ^^)(5'p, and note 
that the principal specialization of the denominator of g is Spec^ix-.- ,i)(S p). That means the 
principal specialization of gr{V^) is a power series in one variable having a product form 

= 'r^'"----';ff . (3.61) 

Furthermore, the character of a direct sum of modules is the sum of the characters of the 
summands, and the character of a tensor product of modules is the product of the char- 
acters of the factors, so the same is true of principal specializations. Using the theory of 
Z-algebras developed by Lepowsky and Wilson, Mandia computed the principal graded 
dimensions of the two G^^ modules we need. 
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Theorem 3.1. [Man] Letting 



T{u) = 



^(u^)(f){u^) 
(p{u)(l){u^) 



-n 



n>\ 



(1 



,6n~5 



1 _ v(u^) 

)(i - ~ ~;;(u)' 



(3.62) 



then we have 



grp,iW{ao)) = r(u)aiu^) and grp,(W(n2)) = r{u)b(u'). (3.63) 
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Chapter 4 

Decompositions of Z)^^^ -Modules into a 

(I) 

direct sum of G\ -Modules 



4.1 Notations and Simplifications 



Let 

A(t) = Y,A^r and B(t) = J^B„r (4.1) 

m>0 m>0 

be the power series whose coefficients give the branching rules for the decomposition of 
V°®V^ = CM^iZ + 5), the Neveu-Schwarz representation of dJ\ with respect to G^^\ that 



is, with t = w'. 



2m ^ 



2m 



2m+l 



^(^2) 



Vm>() 



V' = 2A2m+l?'""MW(ao)+ 252m?''"W(a2). 
\m>0 / Vm>0 / 

Because of the triality symmetry among V^, and V^, we must also have 



(4.2) 
(4.3) 



y2 = 



V' = 



\m>0 



J]A2,,1?''""1 W(Qo)+ U(Q2) 



y^j^2m+l^' 



<m>0 



2m+l 



Vm>0 



W(Qo) + 



E 

Vm>0 



1m 



W(f^2). 



(4.4) 



(4.5) 



Using the principal graded dimensions of these modules as computed above, the left 

hand sides of all four of the last expressions become 

0(m2)0(m6) 



0(m)0(m^) 
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(4.6) 



and on the right hand sides the principal graded dimensions of the two ^ modules are 
given in (3.63) by T(u)a(u^) and T(u)b(u^), where T{u) is given in (3.62). Dividing by 
fiu), we find the new left hand sides are all 



givmg 



2\2 



( 



A2mt 
\m>0 ) 



a(t) + 



E 

Vm>0 



2m +1 



\m>Q 



) 

\ 

2m 

Vm>0 / 



b{t) 

b(t). 



Adding these two equations gives 



but subtracting them gives 

= A{-t)a{t) - B{-t)b{t) 
which, after replacing t by -t, is equivalent to 

= A{t)a{-t) - B{t)b(-t). 

Now express (4.10) and (4.12) as a single matrix equation, using the notation 

c(t) = 2— = 2- 



to get 



a{t) bit) 
a{-t) -b(-t) 





A(t) 




c(t) 




B(t) 








Let 



D(t) = 



a{t) bit) 
ai-t) -bi-t) 



and 



Dit) = detiDit)) = -ait)bi-t) - ai-t)bit). 
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(4.7) 



(4.8) 
(4.9) 



(4.10) 



(4.11) 



(4.12) 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



Since a(t) and b(t) are invertible power series with constant term 1, so is a{t)b{-t). But then 
D{t) is a power series with constant term -2 and D{-t) = D{t), so it contains only even 
powers of t. Calculations made with the computer program "Mathematica" gave strong 
evidence for the following result. 

Lemma 4.1. We have D(t) = -c(f). 

Proof. This identity is actually one of the 40 identities in Ramanujan's famous notebook, 
proven by Watson [Wat] in 1933. A modem treatment can be found in the Memoirs paper 
by Berndt and coauthors [BCC^]. It is interesting to learn that this famous identity can now 
be given a Lie algebra representation meaning. We are very grateful to George Andrews 
for drawing our attention to the source of this identity, and to Bruce Berndt for helpful 
comments. ■ 

Now knowing this Lemma is true, we see that the matrix D(t) is invertible, 

Dity' = D(ty 

and we get 



-bi-t) -bit) 
-a{-t) a(t) 



(4.17) 



A(t) 


= mr' 


c{t) 


= D{t)-' 


Bit) 










-bi-t) -bit) 

-ai-t) ait) 





cit) 


cit) 


bi- 


-t) 







cit') 


ai- 


-t) 



(4.18) 



Theorem 4.2. We have 



bi-t)cit) T ai-t)cit) T 

Ait) = ^ , = bi-t)vi-tf and Bit) = ^ , = a(-Ov(-0 (4.19) 



cit') 



cit') 



with 



§-^=U^^^t"'-V = vi-t)'. 



(4.20) 



It now remains to show that this information allows us to write the coefficient summa- 
tions in (4.2), (4.3), (4.4) and (4.5) as appropriate products of Virasoro characters. 
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To verify the claimed decompositions of and as sums of tensor products of certain 
modules for the two coset Virasoro algebras and the two ^-modules, we need to check 
the following identities: 

i(A(o+A(-o) = ;ril(?'ki;5(?')+;r3;4(^');rj;ja') (4.2i) 

i(A(0-A(-0) = xlj(t^)x'4(t^)+X3y)x4(^') (4.22) 

\(B(t) - B(-t)) = Ar3i(?'kl;5(?')+;r3;4(^')4?(^') (4-23) 

i(5(0 + 5(-0) = xl'!4(t')X^i(t')+x'd(^)x4(^)- (4.24) 

To verify the claimed decompositions of and V^, we need to check the following iden- 
tities: 

i(A(0-A(-0) = tx'^y)xH(t') (4.25) 

i(5(0+5(-0) = x'sy)xip') (4.26) 

where we have suppressed the fractional powers of t which are usually associated to these 
characters because we really mean to write the graded dimensions of these Virasoro mod- 
ules, but with certain shifts preserved. 

Theorem 4.3. Using the notations 

vM = k(v(-t)±v(t)) (4.27) 
[v(0^(0]± = j(v(-tM-t) ± vitMO) (4.28) 
[v(Ofl(0]± = K^(-0«(-0 ± v(0«(0) (4.29) 

we have the following power series identities: 

i(A(0+A(-0) = v+(0[v(OKO]+ + V-(0[v(0&(0]- (4.30) 

i(A(0-A(-0) = v,(t)[v(t)b(t)]- + v-(t)[v(t)b(t)], (4.31) 

^m)-B(-t)) = v+(0[v(0fl(0]_ + v_(0[v(0a(0]+ (4.32) 

l(B(t) + B(-t)) = v+(0[v(0fl(0]+ + v-(0[v(0«(0]- (4.33) 
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\(A(,) - A(-,)) = rxl:i(r)xii(r) = = ^^C'W''). ('»-34) 

1(5(0 + B(-,)) =^S(»^)4?(»^) = ^/-^ = k'^C'W) (4.35) 

Proof. The six power series identities correspond to (4.21) - (4.26). Computations using 
Mathematica verify all six identities up to a high power of t. Algebraic proofs for all six 
identities are given below. 

The first two identities are certainly equivalent to their corresponding sum and dif- 
ference. But the sum is just A(t) = v{-tfb{-t), which was established in (4.19), and 
the difference is just A{-t) = v{t)^b{t), which is the same identity with -t in place of 
t. The second two identities also are equivalent to their sum and difference, but we get 
for the sum B{t) = v{-tfa{-t) which was established in (4.19), and the difference is just 
B{-t) = v{tf-a{t), which is the same identity with -t in place of t. 

The last two identities are equivalent to 

b{-t)v{-tf - b{t)v{tf = tc{f)a{t'^) and (4.36) 
a{-t)v{-tf + a{t)v{f) = cit^Mt"^) (4.37) 

which can be written as one matrix identity 



b(-t) 


bit) 


vi-tf 


= cit") 


tait^) 


(4.38) 


a(-t) 


-ait) 


-V(f2) 




bit') 





Dividing both sides by -Dit) = cit^) gives 



which is equivalent to 



vi-tf 


= Dit)-' 


-vit') 





-bi-t) -bit) 

-ai-t) ait) 



vi-tf 




tait') 


-vit^) 




bit') 



(4.39) 



m) 



tait') 




vi-tf 


bit') 




-vit^) 



(4.40) 



The two equations this gives, 

tait)ait') + bit)bit') = vi-tf 

tai-t)ait') - bi-t)bit') = -vitf, 
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and 



(4.41) 
(4.42) 



are equivalent to each other under the substitution of -t for t. The first one, where a{t) = 
H{t) and b{t) = G{t), is one of the forty Ramanujan identities, 

G(t)G(t^) + tH(t)H(t^) = 7/ , (4.43) 

proven by Watson [Wat] in 1933. (Also see [BCC+].) ■ 
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Chapter 5 

Detailed Constructions 



This chapter embellishes in greater detail the spinor construction of the finite dimensional 
Lie algebras of type 0^,8^, and G2 as well as the untwisted affine Kac-Moody Lie al- 
gebra of type Z)^ \ We also provide the details for constructing the conformal vectors 
iOD4, o)b^, (OG2, (i^(D4-B3) and (0^33-02) using the Sugawara construction. 

5.1 Spinor Construction of D4 and D4-Modules 

Let A = A'^ ®A~ where A* = are maximal isotropic subspaces with respect to a non- 
degenerate symmetric bilinear form on A. Choose canonical bases = {ai, • • • ,04} and 
= {aj, • • • ,al} for A"^ and A~, respectively, such that 

(fl,-,fl*) = 6ij and (ai,aj) = (a*, a*) = for all 1 < i,j < 4, (5.1) 

and let J?l = U Define the tensor spaces A®" for n > in the following way: 

A^:=C, A®^=A^C0A, ••• A^" := A^^"'^^ ® A for n > I 



Denote the (associative) tensor algebra ^ = S^{A) := A®" as the infinite direct sum 
of the tensor spaces A®". Let ^ be the ideal in ^ generated by all of the elements of the 
form vi V2 + V2 <8) vi - (vi,V2)l, where 1 e A®*' = C. Define the (associative) Cliffbrd 
algebra as the quotient 

Cliff = Cliff(A, (•, •)) = SriJ . 
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When the context is clear, we will write elements v + ^ of Cliff as v, and we will write 
products (v + ^){w + ^) as vw. The unit 1 + ^ will be written as 1, when there is no 
chance for ambiguity. 

Quite often we will apply the main Clifford relation V1V2 + V2V1 = (vi, V2)l to the basis 
elements in S\. In particular we have 

a,a* + a*a,- = 5ijl, aiaj = -a^a,- and a*a* = -a*a* (5.2) 

which implies 

{aif = {a*f = 0. (5.3) 

Let be the left ideal of Cliff generated by so that as in Definition 2.16, define the left 
Cliff-module CM = Cliff/ = Cliff • vac = (AA") • vac where vac = 1 + is called the 
vacuum vector. It follows that • vac = and that 

CM = span |(a;)'=' {a*^f' {a^f' {alf' vac | ki e {0, 1}) . (5.4) 

Define its "even" and "odd" subspaces CM^ for j e {0, 1}, as the span above with the 
additional condition that: 

4 

^ki = j(mod2). 

i=l 

For j 6 {0, 1}, dimiCW) = 8 and CM = CM*' e CM^ as vector spaces where CM° is 
spanned by only even numbers of elements of applied on the left of vac and CM^ is 
spanned by only odd numbers of elements of applied to vac. 

There is an anti-automorphism defined on Cliff, a : Cliff Cliff, such that for 
vi, ...,v„ e A, 

Qr(Vi V2 • • • Vn-\Vn) = V„V„-i • • • V2V1 . 

It is easy to show that Qr(vac) = vac and also that for any u 6 Cliff , (vac)M(vac) is a scalar 
multiple of vac. Define a non-degenerate, symmetric bilinear form (•, •) on CM such that 
for b,c e CM, (b, c) is the unique scalar for which a(b)c = (b, c) vac . 
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Proposition 5.1. [FFR] For a e A and b,c e CM we have 

(a) (ab,c) = (b,ac). 

(b) (ab,ac) = ^{a,a){b,c). 

(c) (CM*', CM') = 0. 

Denote the Chevalley algebra by C = A ® CM*' e CM' and extend the forms on A 
and CM to a non-degenerate symmetric bilinear form on C where (A, CM) = 0, making 
the direct sum for C above an orthogonal direct sum of vector spaces. For u e C write 
u = a + b + c where a e A,b e CM", c 6 CM'. Define a cubic form : C ^ C by 
0(m) = (ab, c) and a trilinear form OiCxCxC^C obtained by polarization of (f>, 

0(Mi, = +U2 + M3) - 0(^2 + M3) - + W3) - + "2) + 0("l) + 0(^2) + 0("3)- 

Define the operation o :C x C ^ C so that for mi, M2 £ C", wi o U2 is the unique element of C 
such that for all m e C, 

0(mi, M25 m) = (mi o M2, m). (5.5) 
Proposition 5.2. [FFR] The o product has the following properties: 

(a) r/ze operation o is commutative. 

(b) A o A = CM° o CM° = CM' o CM' = 0. 

(c) aob = ab for a e A, be CAf ® CM\ 

(d) CM** o CM' c A. 

(e) (wi o M2, M3) = {u\,U2 o Uz)for all u^Uj, U3 e C . 

The following will play a large role throughout. We will only present the details neces- 
sary for this work, however for a more comprehensive discussion one may consult [FFR] 
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or [Che]. Define 

ei := a4 + a* 6 A and 

62'.= aja* ¥30-^2^3 vac 6 CM*' 

^3 := - a* vac -a* a* vac 6 CM^ (5.6) 
It is easy to see that = £1^2, and also that 

(ei, ei) = 2 = (62, 62) = (es, 63). (5.7) 

Further, define the operators 

p(ei) -.C^C and 
p{e2) :C ^ C by 

p{ei)b = eiob for be CM° e CM> 
p{ei)a = {a,ei)e\-a for a e A. 

p{e2)c = €2° c for c 6 A e CM^ 

p(e2)^= {b, 62)62 -b for 6 CM°. (5.8) 

Denote the following automorphisms: 

T := p(ei) 
(T := p(ei)p(e2). (5.9) 

Then cr^ = = 1, and rcrr = cr~^ The operators cr and r are automor- 
phisms of (C, o), and they generate the triality group, which is isomorphic to the symmetric 
group 53. One may use cr to polarize the CM^ into maximally isotropic subspaces CM^* 
which are the images of A* under cr and cr^, that is, cr(A*) = CM"* and cr^(A*) = CM'*. As 
vector spaces A = CM" = CM' so we can consider the Clifford algebras: Cliff(CM°, (■, ■)) 
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and Cliff(CM\ (•, •))• We will suppress the bilinear forms when there is no chance for am- 
biguity. Using cr it is clear that 

Cliff = Cliff(CM°)= Cliff(CM'). 

For any w, v e A we define the fermionic normal ordering luvi by 

:uv: := j(uv-vu). (5.10) 

Immediately we see that luv: = -ivu: = mv-|(m, v)l. Consider the subspace of Cliff given 
by g := span{°Mv: \ u,v e A}. Note that for lUiVii, 1U2V21 6 g we have the commutator 

VlUlVil, :U2V2°A = {VuU2):UiV2l + V2) : V1M2 : - {UuU2):V\V2l - (Vi,V2):MiM2o (5.11) 

which can be computed from the definition. This shows that g is a Lie algebra closed under 
this bracket. There is a canonical action of g on (C, o) , given by 

luvi ■ a = {v,a)u - {u,a)v for a e A (5.12) 

:uv:-b =\{uo{vob))-vo{uob))ioxbeCM^ (5.13) 
luv: -c = \{uo {v o c)) - V o{uo c)) for c 6 cm' (5.14) 

which preserves each of the vector spaces A, CM°, and CM^ Hence g is a Lie alge- 
bra of operators on (C, o). Similarly, we may repeat (5.10) - (5.14) with (A, CM°, CM^) 
replaced by (CM*', CM \ A) or by (CM ^ A, CM"), yielding two additional Lie algebras 
cr(g) c Cliff(CM") and (t\q) c Cliff(CM'), both acting on (C, o). This involves iden- 
tifying CM' e A as the left Clifford module for Cliff(CM") and A CM° as the left Clifford 
module for Cliff (CM'). We use the notation 

o-iuvi := i{a-u){a-v)i e Cliff(CM") and 
a^iuv: := :io-^u)icr^v): e Cliff(CM') 

for M, V e A to denote the elements in cr(g) and cr^(g) respectively. As shown in [FFR] these 
three Lie algebras of operators on (C, o) are identical, so that cr acts on one Lie algebra g 
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as an automorphism of order three. In section 5.2 we will further discuss the action of g on 
(C, o) and also give the identification g = cr(g) = cr^(g) implied by [FFR] via the ordered 
basis Jl of A. To simplify future calculations we will occasionally adopt the following 
notation 

ya):=A V^^^:=CM' V^^^ := CM' 

g(«):=g g(i):=cr(g) q^^^ := cr^Q). (5.15) 

Note that the triality automorphism cr not only induces the Lie algebra isomorphism 

cr 



above, but also permutes the summands of the Chevalley algebra "^"^ ys 
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Remark 5.3. Although g has been constructed above as a Lie algebra of operators, we may 
also use the terminology given in Section 2.1 to discuss aspects of g such as root spaces, 
Cartan subalgebra, representations and their weights. 

Denote by Ejj the 8x8 complex matrix with every entry equal to zero except for the 

{i, j)'^ entry, which shall be 1. The standard description of the Lie algebra 5d(8), as can 

m p 



be found in [Hum], is the algebra of 8 x 8 complex matrices of the block form 
where p = -p^, q = -q^ , n = -m^; with basis 

- Ej-M I 1 < / < J < 4) U 



q n 



Emj - Ej^4j I 1 < < J < 4) U 
[Eij-Ej^4j+4 I 1 < /,J <4). 



The diagonal matrices forming its Cartan subalgebra (CSA) are the matrices in the last set 
with / = j. There is a map from g to so(8) given by 



laiGji < — > Eij+4 — Ej, 



1+4 



:a*a*j: < — > Ei+4j - Ej+4j 



MO.) : < > Eij - £y+4,i+4 • (5.16) 
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Using (5.11), one may verify that this map is a Lie algebra isomorphism g = 5d(8). The 
action of g on itself in (5.11) corresponds to the adjoint representation of 6o(8). We have 
also seen in (5.12)-(5.14) that the actions of g on A,CM°, and CM' yield the natural and the 
two irreducible spinor representations of 5o(8). We note here that there is a non-degenerate 
invariant symmetric bilinear form on g given by 

(:MiVi:, :U2V2:) = (Mi,V2)(Vi,M2) - (Ul,U2)(Vi,V2). (5.17) 

Let hj = laiO.*:, 1 < / < 4, and note that {hi,h2,h^,h4} is an orthonormal basis, with 
respect to (5.17), for the canonical CSA, f), corresponding to the diagonal matrices in (5.16) 
when / = j. Defining the linear functionals e, 6 i)* by e,(/jy) = 6ij for 1 < ? < 4, we see that 
the dual basis {£i,S2, S3, S4.} of I)* is orthonormal with respect to the induced bilinear form 
on I)*. We will use the standard notation for the root system of 50(8), of type D4 given as 

Oz), = {+£:,• + £,■ 11 </<j<4} (5.18) 

with the simple roots given as 

Al.4 = {»i = £1- £2, ^2 = £2 - £3, 0:3 = S3- S4, a4 = S3+ S4}. (5.19) 

In fact, using the bracket formula (5.1 1) we see the following correspondence of root vec- 
tors in g with their roots 

: QiGj I < — > Si + Sj I < i < j < 4 
ia*a*ji < — > -Si - Sj 1 < / < J < 4 

iGiG*: < — ^^i-Sj 1</?!=J<4. (5.20) 
The fundamental weights of type D4 are then 

Ai = Si, A2=Si+S2, A3 = ^(Si + S2 + S3 - S4), A4 = ^(Si + S2 + S3 + S4). (5.21) 

Using the formula (5.12) we see the following correspondence of weight vectors in V with 
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their weights 



a, < — > Si 1 < / < 4 
a* < — > -Si I <i<4. 



(5.22) 



Using the formulas (5.13)-(5.14) we see the following correspondence of weight vectors in 
CM° and CM^ with their weights 



vac 



a,- vac 



a*a*j vac 



a*a*a\ vac 
a\a*2a\a\ vac 



-4 + £2 + ^3 + £4) 

^(ei + £2 + ^3 + £4) - Si 
-4 ^(ei + £2 + ^3 + £4) - Si - £j 
-4 ^(£1 + £2 + £3 + £4) - Si - £j - Sk 

-4 -k£i + £2 + £3 + £4)- 



(5.23) 



Thus the set of weights for the natural representation on V is {+£, | 1 < i < A) and its 
highest weight is £1 = A^. The set of weights for the spinor representation on CM" © CM' 
is {^(±£1 ± S2± S3 ± £4)|. Specifically, for j e {0, 1}, the weights of CM^ are those where 
the number of minus signs is congruent to j mod 2. The highest weight in CM° is ^(£1 + 
£2 + £3 + £4) = A4 and the the highest weight in CM' is ^(£1 + £2 + £3 - £4) = A3 

Recall that we defined cr and r as diagram automorphisms. The diagram below shows 



their action on the simple roots of D4 as a Dynkin diagram automorphism, 




5.2 A Spinor Description of G2 as a Subalgebra of D4 

In this section we use the spinor description of D4 and the automorphism cr to give a spinor 
description of G2. 
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Invariance of the Cartan Subalgebra 

In section 5.1 we choose a CSA I) c g with ordered orthonormal basis {hi, ...,/j4}. With 
analogous notation to (5.15), there are CSA's l)^'^ := cr(t)) c g^^^ and t)*^^' := cr^(f)) c g^^^ In 
fact, we have the following: 

Theorem 5.4. As algebras of operators on (C, o), t)^''^ := = f)^^^ = 

Proof. Since g = 5d(8) is a simple Lie algebra, the irreducible representation (pvm : g 
End(y) of g on y is non-trivial and therefore faithful. The representations 0y(i) : g 
End(CM") and 0^(2) : g End(CM^) are also faithful and irreducible. For all x e Q, these 
three representations satisfy the relations 

cr"' o 0y(,)(x) o cr = 0y(,-i)(cr"V) where i, / - 1 6 {0, 1, 2} mod 3. (5.24) 

This is summarized by the commutative diagram below. 




Consider o-(h\) e cr(g). It can be shown that o-{hi) - j{hi +h2 + hj, + h^) acts as the zero 
of g on V, and hence by the above, on all of (C, o). Thus o-{hi) = ^{hi + h2 + + h^) as an 
operator on (C, o); cr{hi) e I). Similar calculations can be done for /12, h^, with the result 
that cr(f)) c t). Applying sigma proves the theorem, f) c cr(I)) c cr^(l)) c J). ■ 

The remaining identifications of the operators in the CSA (and actually in all of g) are 
provided in Lemma 5.9. 
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Roots of G2 

Recall the description of the root system for the finite dimensional rank 4 Lie algebra 
of type D4 given in (5.18); O^,^ = {+£,■ + Sj \ I < i < j < 4}, the simple roots (5.19) 
= {«( I 1 < ? < 4}, and the correspondence of root vectors with the roots given in (5.20). 
Restricting the automorphism cr to I) gives the automorphism of the previous theorem cr : 
1) ^ f) and induces a dual map cr* : I)* ^ I)* such that 

o-*{ai) = a^, cr*(a2) = Q"!, cr*{ay} = ai, o-*{a4) = as. (5.25) 

Actually, since a* permutes the simple roots of g it is also the case that a permutes the root 
spaces of g. That is, for /i e O/)^ 

o- : g^ ^ g^r-c/.). (5.26) 

One may also compute the action of a* on the individual e, via the appropriate use of 
(5.25). 

The the fixed points of g under cr form a rank 2 finite dimensional simple exceptional 
Lie algebra of type G2, with CSA denoted by f. We can restrict both cr and cr*, to t and its 
dual space f , to find the following root system of the G2 

Og2 = ±{)82, /32+/3u 2/32+ /3u ^Pi+I^u 3/32 + 2/3i} (5.27) 
with the short and long simple roots given respectively as 

Ag, = {/32 = i(ei - £2 + 2s,), pi =82- £3} (5.28) 
Pi Pi 

which has the following Dynkin diagram 

The fundamental weights of G2 are Ai = 2pi + 3^62 = Si + £2 and ^2 = Pi + 2P2 = 
I (2^1 + £2 + ^^3)- The roots and weights of G2 are elements of the 2-dimensional dual 
Cartan subalgebra f*, which is inside the 4-dimensional dual Cartan subalgebra f)* of D4. 
It will be useful later to know the formula for the projection from I)* to t*, which can be 
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written as either 

4 

Projri^ ^'^') ^ '^2^1 + <^3 + «4);S2 (5.29) 

(=1 

or as 

4 

^ra7V( ^ eisi) = {62 - e3)Ai + (e^ -62 + 2e^)~A2. (5.30) 

(=1 

These tell us that a\, a^, and Q'4 project to 1^2 but projects to P\, and that /li, /I3 and 
project to A2 but /I2 projects to ^1. The 14-dimensional adjoint representation of G2 is the 
irreducible Gi-module with highest weight ~Ai, and the 7-dimensional representation of G2 
is the irreducible G2-module with highest weight A2. 

Decompositions of g and C as G2 -Modules 

The spinor construction described in 5. 1 yields three isomorphic copies of D4. We may use 
the notation 0^ • 9 ^ End(C) for the reducible representation of g on C so that 

a-' o (Pcix) o a = (f>c((r-Hx)) (5.31) 

as in (5.24). We identify 0c(9) = 9- The action of cr on g decomposes it into three 
eigenspaces 

g = go e gi e g2 (5.32) 

where g, = {x 6 g | cr(x) = ^'jc} for i e {1,2,3}, and where ^ = = and = 

= Note that dim(go) = 14 and dim(gi) = dim(g2) = 7. In fact, go is a simple 

Lie algebra of type G2 and gi and g2 are irreducible go-modules. 

Recall that for / 6 {1, 2, 3} each V^'^ is an 8-dimensional irreducible g module. However 
as a go module, V'-^^ is reducible into the direct sum V^^^ = W^^^ © e^^\ where e^^^ is spanned 
by ei, defined in (5.6), and W^^^ has ordered basis 

S'^^ = {ai,a2,aj,a4 - a\,a*j^,a*2a\]. (5.33) 

Applying cr and cr^ to this decomposition of V^^^ gives V^^^ = W^"^^ ® e^^^ and also V^^^ = 
^(3) g(3) rpj^^j ^ cyclically permutes the W^'-* and the e^'-" for / e {1,2, 3}, which allows 
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us to write C as the direct sum of the irreducible go modules 

3 

C = 0(iy«ee®). (5.34) 

We agree to use the ordered bases B^'^^ and 5^^^ of W^^^ and W^^^ respectively, which are 
induced from the action of cr on 

Note that C also has a cr eigenspace decomposition as irreducible go modules 

c = 0(w«')e/®) (5.35) 

!=1 

where the 7-dimensional W^^^\ W^'^\ and W^^^^ have ordered bases 

= [b + crb + o-^b\be!B} 
5^(2^ = [b + fo-b + ^o-^b IbeS] 

B^^^^ = [b + ^o-b + fo-^b IbeS] (5.36) 



respectively, and where 



e^'-^-' = span {eo + ei + ej) 
e^^^^ = span |eo + ^^^i + ^£2] 

e^^^^ = span [eo + ^ei + ^62] . (5.37) 



The o Products 



The fixed points of g under a formed a Lie algebra of type G2 which we have denoted 
as go. Here we use the o product to provide the details on finding the root vectors of go. 
For C = A ® cm" © CM\ we can use (5.5) and proposition 5.2 in the situation when 
Ml e CM°, U2 e cm' (or vice versa), so that u\ o U2 is the unique element of V such that 
for all a 6 A {u\ o U2, a) = (awi, M2). When both ui and U2 are in the same direct summand, 
ui o U2 = 0, and when u e CM*', a e A, u o a = au e CM\ with the analogous result 
when u 6 CM^ We can explicitly compute the product for pairs of elements in CM. For 
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i, j,k,l e {1,2,3, 4}, we will use the following notation whenever \ < i < j < k < 4: 



V 


:= vac 


Vi 


:= a* vac 


Vij 


:= a* a* vac 


Vijk 


:= a*a*al vac 


w 


:= ala^alal vac 



Proposition 5.5. [FFR] The pairing of any two vectors listed in (5.38) is zero unless the 
total number of creation operators applied to vac sums to 4. 

Theorem 5.6. For i,j,k,l e {1,2,3,4}, the o product has the following behavior on the 
Chevalley algebra C, in addition to the behavior expressed in Proposition 5.2. 

(a) V o V,- = 

(b) V o Vijk = sgngij^^ai 

(c) Vi o Vij = when any subscript, either i or j is repeated 

(d) Vi o Vjk = sgn(iiji^^aifor all distinct subscripts, i, j, k 

(e) Viow = a* 

(f) Vij o Vijk = whenever two of the subscripts repeated, regardless of their order 

(g) Vij o Vjki = sgnf jii^i^a* when exactly one subscript, j is repeated, regardless of the order 
of the subscripts 

(h) Vijk ow = 0. 

Proof. We will illustrate these results by showing two carefully selected parts. 

(c) By Proposition 5.2 v, o v;y e A. Let u be in A. Using (5.5) and (5.1), the non-degenerate 
pairing (v, o v,y, u) can only be identically for exactly zero for m = 0. But (v,- o v,j, u) = 
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(Vij o Vi, u) = (Vij, Vi o u) = (vij, uViX and uvt e span{v, vij, v,-^} for 1 < k < 4,k i. 
Now we apply Proposition 5.5 and conclude that (v,y, mv,) = for all u implying that 

Vi o Vij = 0. 

(d) Let u be one of the 8 basis elements in J{. The pairing (v, o Vjk, u) = (v,-, uvjk) can only 
be non-zero for exactly one of the u e Moreover, uvjt 6 {vijk,Vijk,Vj,Vk} and by 
Proposition 5.5 the pairing vanishes unless u = a]. Setting (v, o v^i, u) = \ and by the 
uniqueness of u in (5.5) we conclude that v, o Vjk = sgn(iijii)ai. We determine the sign 
of the permutation in the standard fashion; the parity of the number of transpositions 
needed to put (// jk) in ascending order. 

The omitted parts are proved similarly to either of these that we have provided. ■ 

Proposition 5.7. [FFR ] The action of cr and cr^ on the basis J{ can he summarized in the 
following manner, and hence gives a description of the action ofcr on C. 



yd) - 


^ y(2) _ 


^ y(3) 


yd) - 


4 y(2) - 


4 y(3) 


ai 


V 


-V4 


a^ 


w 


V123 


a2 


V34 


V3 




-V12 


V124 


a3 


-V24 


-V2 




-Vi3 


Vl34 


a4 


Vi4 


"^234 


* 

a^ 


-V23 


-Vi 



Remark 5.8. Using the notation of (5.15) we will choose the following root vectors of the 
g*^'^ for < z < 2, isomorphic finite dimensional Lie algebras of type D^. The basis of the 
CSA's will be set according to the following. 



g(0) 


g(l) 


g(2) 






-:V4Vi23: 


* 


-:V34Vi2: 


:v3Vi24: 




;V24Vl3: 


-:v2Vi34: 




-:Vi4V23: 


:v234Vi: 
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Positive root vectors are on the left side, and negative root vectors are on the right side of 
the following chart. 



g(0) 


g(l) 


g(2) 


g(0) 


g(l) 


g(2) 




:vv34: 


-:V4V3: 






0^123^124° 






:V4V2: 




-:vvvi3: 


:Vi23Vl34: 




-:V34Vi3: 


:v3Vi34: 




:vi2V24: 


~:Vi24V2: 




-:wn: 


-0V4V1240 




:wv34: 


0^123^3 




:v24Vi4: 


-0V2V234: 




-^Vl3V23: 


:vi34Vi: 




:V24V23: 






-:vi3Vi4: 


-:Vi34V234: 




-:vvi3: 


-:V4Vi34: 




-;WV24: 


-0^123^2° 




:v34Vi4: 


-:V3V234: 




°Vl2V23: 


-:vi24Vi: 




:V34V23: 


:v3Vi: 


—10.20.41 


:vi2Vi4: 


:Vi24V234: 




-0V34V24: 


-:v3V2: 




:vi2Vi3: 


0^124^134 


— iaia*^l 


:vv23: 


-:V4Vi° 


— 10*^04 ° 




0V123V234: 




ivvu: 


0V4V2340 




-°WV23: 


-:Vi23Vi: 



Lemma 5.9. For a,b € the action of labi, criabi, and cr^iabi may not agree on C, 
however since g^"^ = g*^'^ = g^^\ there is an identification of each of the operators in g^^^ and 
Q^^^ with o linear combination of the operators in Q^^\ 

(a) The identification of the operators representing the positive root vectors is given as 



follows. 



g(l) 




g(2) 


g^i^ ^ 




g(2) 


:VV34: 


o<5!l^*2o 


-:V4V3: 


-:vvi3: 


102041 


:v3Vi: 


-:vv24: 




-:v4V2: 


-:v34Vi4: 


:«2«4o 


:V4Vl34: 


:v34Vi3: 


* 

ia2a^ ° 


:v3Vi34: 


0V34V23: 


ia\a-^ I 


-:V3V234: 


-0V24V23O 


IO1O2I 


IV2V2341 


°V34V24: 




-0V4V2340 


:V24Vi4° 


la^al: 


-:V4Vl24: 


:vv23: 


ia\04i 


-:V3V2: 


:VVi2: 


°fl!3fl4 ° 


:v2Vi: 


:VVi4: 


ia2a-ii 


-:v4Vi: 
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(b) The identification of the operators representing the negative root vectors is analogous. 

(c) The identification of the operators representing a basis of the CSA is given as follows. 









g(0) 




cria\a\i - 


= :vw: 


^(.:aial: 


+ :a2al: + la^a*^: 


+ :a4.al:) 


cria2a*2i - 


= -:V34Vi2: 




+ ia2a2i ~ iaT,a*^i 


- laAO-li) 


criaT,a*^l - 


= :v24Vn: 




— ia2a*2i + "6(3(23° 


- laAO-li) 


cria^a*^: - 


= -:vi4V23: 






: + :a4'34:) 




g(2) 




g(0) 




cr^ia\a\ ° 


= -:v4Vi23: 


^(:aia\: 


+ ia2a2: + :ai,a\: 


- laAa^i) 


cr^ia2a*2i 


= :v3Vi24: 




+ °6(2^2° — o^3'^3o 


+ i<^Adl:) 


cr^ia^ali 


= -:V2Vi34: 




— °6!2^22° "^S'^S" 


+ la^dli) 


cr^:a4al: 


= :v234Vi: 


^(:aia\: 


— °fi[2^2° ~ o^S'^^o 


- ;«4«4:) 



Proof. This result is purely computational and can be proved by simply applying each 
operator in g*^'^ to each basis vector of V^^^ for < ? < 2 and 1 < 7 < 3. ■ 

Remark 5.10. Notice that Lemma 5.9(c) can be expressed as follows using the orthogonal 
matrix 

111-1 
11-11 
1-111 
1 -1 -1 -1 

which represents cr on the CSA with respect to the basis {hi,h2, h^, h^} where hj = laja*:. 
We have cr{hj) = 2f=i (^ijhi is the linear combination given by column j of £/, and since 
cr^ = cr~^ is represented by ^/'^ = so cr^ihj) = ^^^^^ ajihi is the linear combination 
given by row j of 

According to Remark 5.8 and (5.27) we now provide the root vectors for go, the finite 
dimensional Lie algebra of type G2 which occurs as the fixed points of g under cr. First we 



^ = [aij] = \ 
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fix the root vectors of our chosen CSA. 



H\ — ia\a*^i + ia-ia*^i 

tl2 — lCl2Cl2° ~ o'^3^3o 

The remaining root vectors are organized in the four blocks of the following table. The 
positive root vectors are on the left hand side while the negative roots are on the right. The 
blocks on the top contain the long root vectors, while the lower blocks contain the short 
root vectors. 



Xe, = :a2«3: - :v34Vi3: + :v3Vi34: 
X/}i+3/32 = :aia3: - :vv24i + :v4V2: 


= ;a3a2: - :vi2V24: + :vi24V2: 

^-/3i-3/?2 = :'33ai: + :WVi3: - :Vi23Vi34o 

^-2/j,-3/;2 = :a*2<^l: + iwvn: - :vn3Vu4: 


% = :aia*2: - ivvu: - :v4Vi24: 
Xe,+^j = :aia;: - :vvi3: - :v4Vi34: 

X/3i+2/32 = °<22«3o - :V34V24: " :V3V2: 


^-/32 = i(:«2«t: - :>vv34: - :vi23V3:) 
^-/3,~/52 = |(:«3«I: + :>vv24: + :vi23V2:) 

X-f}^-2/32 - 3 (o^^3^2" ~ "^12^13^ - :Vi24Vi34:) 



Corollary 5.11. The triality automorphism a induces a basis for go contained in \ 



H\ — ia\a*Yi -\- la^a^^i 

112 — o^2^2° ~ °^3^3° 




= ia2a*^i 
X/3i+3^2 - °^i^3: 
^2/?i+3/S2 = :ciia2: 


X-fSj — iai,a*2i 

■^-/3i~3/32 - l(^T,<^il 
X~2f}i~3/S2 - »^2'^i° 


Xfj2 — lCllii2l "1" o^''3^''4o ~ l(^3^4l 
Xfji+2/}2 ~ l'^2'^3°o + IO.1CI4I ~ 


X-P2 — 3(o^2'^io + 0^24^3 ~ 0^4^30) 

1 / * 1 * * * \ 

A_^j_y3, — r^yiaTfa^i + ia^a2i — 1(^4(^2°') 

^~/3i-2/32 — j\ 0(^1,(^2° "^4^1° ~ l^4(^iU 



Proof. This is immediate after applying Lemma 5.9. ■ 

Corollary 5.12. The triality automorphism cr induces bases for the G2-modules Qi and 0,2 
contained in g'^^^K 
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9i 


92 










iaia*2i - 


° Cl^Cl^ ° 








"(^2^4 ° 




laia^: +^10204.1 -^'^ia2a*^i 


:a2a3: - £, 




+ ^:aia4: 


ia2a'ii - ^ia\a\i +^^:aia4i 


ia\a2i - 




+ ^:a'^a4i 


ia\a2i - ^ia*^a*^i +^^ia*^a4i 




* * 


- ^la^a^i 






10*^(1^1 







5.3 A Spinor Description of ^3 as a Subalgebra of D4 



In this section we use the spinor description of D4 and the three order-two automorphisms 
T, err, and cr^r to give a spinor description of three copies of ^3 inside D4. 

Invariance of the Cartan Subalgebra Revisited 

This section is very similar to section 5.2 in that given the CSA from section 5.1, t) c g 
with ordered orthonormal basis {hi, ...^h^}, we can find t(I)) c T(g) = g. In fact, we have 
the analogous statement: 

Theorem 5.13. As algebras of operators on (C, o), I) = t(1)), and therefore, the triality 
group generated by cr and r leaves I) invariant. 

Roots of 63 

Recall the description of the root system for the finite dimensional rank 4 Lie algebra 
of type D4 given in section 5.1; <!>d^ = {±£i ±£j\l<i<j<4-} with simple roots 
= {a, I 1 < / < 4}, and correspondence of root vectors with the roots given in (5.20). 
We now restrict t to li) to give the automorphism of the previous theorem r : f) ^ I), and 
induced dual map r* : t)* ^ t)* . 

T*{ai) = au T*(a2) = a2, T*(a'3) = a'4, t*(q;4) = ^3. (5.39) 



54 



The action of r* on the simple roots of g induces the action on the root spaces of g so 
that for e 

T : g^ ^ Qt-(p)- (5.40) 

One may also compute the action of r* on the individual e, via the appropriate use of (5.39). 

The fixed points of g under r form a rank 3, 21 -dimensional simple Lie algebra of 
type ^3, with CSA denoted by I. We can restrict both r and r*, to I and its dual space I*, 
to find the type root system with two long simple roots and one short root given 
respectively as 

Ai}3 = {yi = cKi, 72 = ai, 73 = 0^3 - 0:4}, (5.41) 

7i 72 73 
which has the Dynkin diagram ^ / ^ . 

Using either of the other order-two triality group elements, err or cr^r, one obtains two 

other copies of B3 inside D4, and corresponding versions of the results below. In fact, 

the G2 subalgebra of D4 found above in Section 5.2 is the intersection of these three Bj, 

subalgebras. 

Decompositions of g and C as 53 -Modules 

There is also a reducible representation f/^c • 9 ^ End(C) similar to (5.24) 

o or = ifrc(T-\x)). (5.42) 

We identify 4>c(q) = g. 

The action of t on g decomposes it into the two eigenspaces 

9 = bi e b_i (5.43) 

the fixed points, and the -1 eigenspace under r, respectively. Note that dim(bi) = 21 and 
dim(b_i) = 7. It is actually the case that hi is a simple Lie algebra of type B^ and b_i is its 
natural representation. 
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Root Vectors of type 

Here we find the root vectors of bi written as elements normal ordered elements in the 
spinor construction of D4. 

The action of t : A A on the basis Jl is given by the left two columns of the next 
table, while r : CM° ^ CM' via T(b) = {a^ + a*)Z? for all b e CM*' e CM' is given by the 
right two columns. 



A 


^ A 


A 


^ A 


CM" 


^ CM' 


CM° 


^ CM' 




-ai 






V 


V4 


w 


-V123 


(32 


-a2 






V12 


V124 


Vi4 


-Vi 




-Qi, 




-«3 


Vi3 


V134 


V24 


-V2 


a4 


6(4 




a4 


V23 


V234 


V34 


-V3 



As we did in the previous section for G2, we fix the root vectors of our chosen CSA 
for bi, the Lie algebra of type B^, and list the remaining root vectors which are organized 
similarly to Corollary 5.11 

Corollary 5.14. The triality automorphism t induces a basis for bi contained in g^^\ 





= :ciia\: 








hi 


— °(22^2° 










— la^a-i^i 










* 

— laiaji 






= ici2ali 




— laja^^l 






— ia^a2°o 


Xyj +72 


— laia^^i 


^-71- 


-72 


= :ci3,ci\i 


^72+273 




^-72- 


-273 




^71+72+273 




^-71- 


-72-273 




^71+272+273 




^-71- 


-272—273 
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= l(l^Cl4l 






1 / 


* \ 

— lCl4Cl-^ ° 1 


^72+73 " 


- ICI2CI4I 


- l<^2<^*4l 




1 / 


— 1^4^21^ 


Y 

^71+72+73 


- lCl\Cl4l 


- ia\a*4l 


Y 







Corollary 5.15. The triality automorphism t induces a basis of the B^-module b_i con- 
tained in g^'^K 





ia4a^ ° 




:aia4i + la^d^i 


ia\a4i + ia\a\i 


ia2a4i + :a2a*^: 


ia2a4i + ia*2a*^i 


ia^a4i + la^a^i 


ia'^a4i + ia*-^a*^i 



5.4 Spinor Construction of D\ ' and D\ -Modules 

Here we review Construction 2.28 for the specific case of ^ = 4 to get infinite dimensional 
versions of Cliff, CM, and 50(8). 

Recall that Z = Z + 6 e {z, Z + i), A = A+ e A" where A- = defined as in Section 
5.1 with canonical bases { a\, • • • , a4 } and { 4} for A+ and A , respectively, such 

that iai,aj) = = {a*, a*) and (at, a*) = 6i 1. Define A(Z), with elements written a{n), 
where a e A and n e Z, and symmetric bilinear form {a{m),b{n)) = {a,b)6,„-n. Write 
Cliff(Z) = Cliff4(Z) and note that its Clifford relations, given below, are a natural extension 
of the relations (5.2) and (5.3) in the finite dimensional case. In particular, we have 

ai(m)a*(n) + a*(n)ai(m) = 6ij6,n-nl 
ai(m)aj(n) + aj{n)ai(m) = 
a*(m)a*(n) + a*(n)a*(m) = for all 1 < j < 4 
and a,(m)2 = a*inf = 0. (5.44) 

The polarization A(Z) = A(Z)+ © A(Z)- is used to define the left ideal J^(Z) in Cliff(Z) 
generated by A(Z)+. The irreducible left Cliff(Z)-module CM(Z) = Cliff"(Z)/ ^(Z) has vac- 
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uum vector vac(Z) = 1 + ^{Z). This is similar to the finite dimensional case of the previous 
section in that CM(Z) is the cyclic left Cliff (Z) -module generated by vac(Z), where vac(Z) 
is a non-zero element of the quotient such that A{Zy ■ vac(Z) = 0. We have 

CM(Z) = span • ■ • ^(-n,) vac(Z) | hi-nd e A(Z)-}, (5.45) 

which is graded. As in the finite dimensional case, CM(Z) = CM(Z)*'eCM(Z)^ is a sum 
of its even and odd subspaces, depending on the parity of r. Recall the fermionic normal 
ordering ia{m)b{n)i in (2.1 1) which is exactly as defined for the finite dimensional case in 
(5.10) when n = m = 0. 

Using g = 6o(8) from Section 5.1 in the Definition 2.17, we get the untwisted afiine 
Kac-Moody algebra g of type D^^\ 

These infinite dimensional Clifford modules play a central role in the spinor construc- 
tion of level- 1 representations of g. Recall the notation, 

V° = CM°(Z + i), = CMi(Z + i), y2 = CM°(Z), P = CM{(Z). (5.46) 

with highest weights 

Ao, Ai-i^, A4-^5, A3 -^5, (5.47) 
and with highest weight vectors 

vac = vac(Z + \), ai(-\) vac, vac' = vac(Z), al(0) vac' . (5.48) 

The triality automorphism cr can be lifted to (t : g ^ g by &{x{m)) = (cr(x))(m). We 
have seen that cr is an automorphism of the g-module C = V^^^ © V*^^^ © y^^\ cyclically 
permuting the summands. In [FFR] it is shown that cr lifts to & : V ^ V such that a-(y°) = 

and (T cyclically permutes V^, V^, and V'''. In particular, one knows that &(\ac) = vac 
and that ai(-^) vac, vac', and al(0) vac' are cyclically permuted by it. 
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The |Z-grading of V is given by the eigenspaces V„ of the Virasoro operator L^, and we 
refer to the eigenvalue n as the depth of the non-zero vectors in V^- We have the following 
results on V^, Vf, VJ^j for 1 < ' < 3. In the first table below we give a basis for V^, y° and 





5a 5/ 5 


Dimension 




vac 


1 




a,(-5)vac 1 < ?■ < 4 
a*(-j)\ac 1 < ?■ < 4 


4 
4 


0? 


ai(-^)a* (-^)yac l<i,j<4 
a,(-^)aX-i)vac l</<j<4 
a;(-i)aj(-i)vac l</<j<4 


16 

6 

6 



The next table contains the same information for V^^ ^i^d V^^ 





5a 5/5 


Dimension 




vac' 




1 




a*(0)a*(0) vac' 


I <i < 7 < 4 


6 




a;(0)a*(0)a;(0)a;(0) vac' 




1 


^1/2 


a*(0) vac' 


1 < i < 4 


4 




a*(0)a*(0)a;(0) vac' 


1 < z < J < ^ < 4 


4 



There are obvious g-module isomorphisms V[f2 - 1 < z < 3, using (5.22) and 

(5.23), and y° = g using (5.20). This means that there are subspaces of y° corresponding 
to the subalgebra bi of type ^3 and go of type G2. (See (5.43) and (5.32).) Vertex operators 
Yk(v) for V e y° such that d-(v) = v represent the affine subalgebra §0 of g of type G2 ^ 

5.5 Sugawara Constructions 

Up until this point, we have been satisfied with the definition of fermionic normal ordering 
on pairs of Clifford elements. We now note that the definition can be expanded to cover the 
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nonnal orderings of any finite product of Clifford generators. For Z = Z + ^ tlie definition 
will be straight forward, however when Z = Z, where there is the possibility of zero modes 
being present, we need to be more careful when extending the definition. 

Definition 5.16. For ai^, ...,aj^ e Jl and ni, ...,nr 6 Z + ^ we have the expanded fermionic 
normal ordering 

lai^iny) ■ ■ ■ atXnr): = ^^n(^)a,-^,(n^i) • ■ • at^X^vr) (5.49) 

where ^ is any permutation of the symbols {1, r} such that n^i < ■ ■ ■ < n^r- 
For ni, ny e Z, we want the identity :a,-,(ni) • ■ • aiX^r): = sgn{ip)iai^X''^vi) ' ' ' ^i^X'^fr)- 
for any permutation tp. It is enough to make the following definition for n\ < ■ ■ ■ < ny. 
Whenever each nj e Z, we have 

laiXni) ■ •■aiXnr): = atXni) ■ ■■aiXn,-). (5.50) 

However if nj^i < = nj = nj+i = ... = nj+s-i < nj+s for some s > I, then define 

laiXni) ■ --aiXrir): = a,-,(«i) • ■ •a,v_,(ny-i)(a,v:(0) ■ • ■ a,v+,_i(0):)a,v_^,(";+.v) ' ■■aiX'^r) (5.51) 

where for any a,, , a,^ 6 

laiXO) ■ --aiXO): = ^ 'Sn{<p)aiJO) ■ ■ •a,,,(0). (5.52) 

■ (peSk 

Remark 5.17. We refer the reader to [FFR] for details on the above. For this investigation 
we will only need to use normal ordered products of two Clifford generators, referred to 
henceforth as quadratics, and normal ordered products of four Clifford generators, referred 
to as quartics. When proving our main results for the Ramond modules we will introduce 
two lemmas which are specific instances of the definition described in (5.50) - (5.52). 

We will use the following abbreviations for vectors in V^: 

1 = vac, /V = :af(-|)a®(-i): vac, /®/m®n® = ;af(-i)a®(-i)a®(-|)a®(-i): vac 

(5.53) 
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for 1 < i,j,m,n < 4, where any occurence of the ® can be either blank or *. Note that, 
because of the Clifford anti-commutation relations (5.44), we have, for example, ij = -ji 
and ijmn = mijn = mnij. In this notation we can write the conformal vector (2.30) with 
^ = 4as 

^04 = -^^ [ii* + (5.54) 
^ ,-=1 

This section provides the necessary details for several constructions of Sugawara opera- 
tors representing the Virasoro algebra in the spinor construction of V. We have already seen 
how the vertex operators YmioJoJ represent Vir with central charge c = AonV. Here we use 
the full Sugawara construction for the subalgebras of types and G2 to obtain vertex op- 
erators YmiojBj) and Y,„(a)G2) that also represent Vir on V, but with central charges 7/2 and 
14/5, respectively. These will be used to obtain coset Virasoro operators Y„,{tO(^j)^-Bj)) and 
Y,„(<^{B3-G2)) which also represent Vir on V, but with central charges, 1/2 and 7/10, respec- 
tively. By Theorem 2.31, these two coset Virasoro operators commute with each other, and 
with the operators representing the affine subalgebra of g of type \ Yk(v) for v e y° such 
that (t(v) = V. Their purpose in this work is to provide the decomposition of each irreducible 
g-module V' into the direct sum of tensor products Vir(l/2,/ji)(g)Vir(7/10, h2)^W(Q.j) for 
/?i e {0, 1/2, 1/16}, /?2 e {0, 1/10, 3/5, 3/2, 7/16, 3/80}, where WiQj), j = 0, 2, are the two 
level- 1 irreducible ^-modules. 

There are certain linear combinations of operators which we will use so frequently that 
we introduce the following notations to abbreviate these long expressions. 



44* = 44* + 4*4 + 44 + 4*4* 



11*22* = 11*22* + 11*33* -22*33* 



22*44* = 22*44* + 33*44* - 11*44* 



1*234 = 1*234+ 12*3*4* 



1*234* = 12*3*4 + 1*234* 



(5.55) 
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5.5.1 The Conformal Vector ojb^ 

Recall bi is the Lie algebra with basis described in Corollary 5.14. Let {61,62,63} be an 
orthonormal basis of M? and let be a root system of type Bt, with simple roots A53 = 
{yi = f 1 - ^2, 72 = f 2 - ^3, 73 = ^3} as in (5.41) . Denote the set of long roots as 0(L) 
and the short roots as 0(5 ). Denote the CSA as C, the set of long root vectors as L and the 
set of short root vectors as S . 

We follow the prescription for the construction of Sugawara operators (2.27) associated 
with bi on V as components of the vertex operator Y(a)B^,w). The basis of bi given in 
Corollary 5.14 is {huh2,hi,}U{Xy \ y e 0^3} = {X,- | 1 < / < dim(hi) = 21}. For each root 7, 
Xy and X.y are dual with respect to the form (5.17), and we write = X.y for the dual of 
Xy. We have seen that {hi, hj) = 6ij, so these basis vectors of the CSA are self dual, and we 
write the dual h' = hi. We unify these notations by writing X' for the dual of X,, 1 < / < 21 . 
The conformal vector is then 

21 

ojb, = L%\ = Yj Z :^'(-'^)^'(-2 + kyX (5.56) 

Since the dual Coxeter number of bi of type £3 is 5 and the level of each V' is 1, the scalar 
factor is S^t^^^ = ^ and from (2.7) the central charge is cb^ = "^"^^^'j^'^ ~ T ~ 2- 

Whenever -fc > or -2 + ^ > we have :X,(yu)X'(v):l = 0. Hence we can reduce 
(5.56) to the finite sum 



^83 — '^tOB^ 



/ 21 21 \ 

2^X,(-2)r(0)l + J]Xii-l)X\-l)l 

V !=1 ;=1 



(5.57) 



To simplify the first summation above, consider 

X'(0)1 = :ab:ol = Yj °Mk)bi-k):l = (5.58) 



using (2.19) and the fact that Clifford operators with positive mode numbers annihilate 1. 
Therefore, we now have the simplified formula 



/ 21 



S3 



J]x,i-i)x'{-m 



V i=l 

62 



(5.59) 



We will break up this summation into three parts, corresponding to the CSA, C, the 
long roots, 0(L), and the short roots, 0(5 ), and we will temporarily leave out the scalar j^. 
The terms corresponding to the CSA give 

3 

i=l 
3 

i=l 

3 

= Yj («!(-iK(-i)i) 

i=l 

3 / \ 



i=l \keK 
3 



i=l 



=11* + r 1 + 22* + 2*2 + 33* + 3*3. 



(5.60) 



Remark 5.18. Note that we have significantly shortened the sequence of steps that it takes 
to get to line (5.60). The computations are routine, and in fact well known from the litera- 
ture. 

Using similar techniques we can compute the contribution of the long and short root 
vectors to the conformal vector. 



col= J] X,(-1)X^(-1)1 

ye<D{L) 
3 

= 4^(n* +/*/) 



(=1 



= 4 X (11* + 1*1 + 22* + 2*2 + 33* + 3*3) 

and 



(5.61) 



ye<S>{S) 
3 



= _^(n* + + 3 X (44* + 4*4 - 44 - 4*4*) 



i=l 



(11* + 1*1 + 22* + 2*2 + 33* + 3*3) + 3 X (44* + 4*4 - 44 - 4*4*). (5.62) 
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We now combine the results of (5.60),(5.61), and (5.62) to obtain 

OJB3 = J2 (^H + OJL + OJs) 

= ^(ir + ri + 22* + 2*2 + 33* + 3*3 

+ 4x(ll* + 1*1 +22* +2*2 + 33* + 3*3) 

+ (1 1* + 1* 1 + 22* + 2*2 + 33* + 3*3) + 3 X (44* + 4*4 - 44 - 4*4*)) 
= i X (11* + 1*1 + 22* + 2*2 + 33* + 3*3) + ^ x (44* + 4*4 - 44 - 4*4*) 



- - I 



44* . (5.63) 



5.5.2 The Conformal Vector 0JG2 

This section is analogous to Section 5.5.1, so we will be even more brief. 

Let {61, 62, 63} be an orthonormal basis of and let be a root system of type G2 
with the simple roots = = £2-^3 /^i = 5(^1 -^2 + 263)} as in (5.28). In this section, 
{Xi I 1 < z < 14} is the basis of the subalgebra go of type G2 given in Corollary 5.11, the 
dual Coxeter number is 4, so that the scalar factor is ycjG2 ~ w ^^'^ from (2.7) the central 
charge is cg, = ^^ = ^. 

We construct the conformal vector 

14 

^G, = ^G, Z :^'(-^)^'(-2 + (5.64) 

1=1 keZ 

which simplifies as above, giving 



^G2 = Toi^C + COl + COs) 



= ^(|(1 r + r 1 + 22* + 2*2 + 33* + 3*3) + |(1 1*22* + 1 1*33* - 22*33*) 
+ f(ll* + 1*1 + 22* + 2*2 + 33* + 3*3) + f (11*22* + 11*33* - 22*33*) 
+ |(11* + 1*1 + 22* + 2*2 + 33* + 3*3) - f (11*22* + 11*33* - 22*33*) 
+ f (1*234 + 12*3*4* - 1*234* - 12*3*4) + f (44* + 4*4 - 44 - 4*4*)) 



44* 


+ 


11*22* 


+ 


1*234 




1*234* 1) 



(5.65) 
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1 /2 

Theorem 5.19. The vertex operators Ym(a)(D4-B3)) = LJ^ , m e Z, representing the coset 



Virasoro algebra on V with central charge 4 are provided by the conformal vector 



(^(D^-Bi) - - (^Bi - \ 44* 



(5.66) 



and the vertex operators 7^(^^^(53-02)) = m e Z, representing the coset Virasoro 

algebra on V with central charge ^ are provided by the conformal vector 



20 



44* 


1 
5 


11*22* 


1 
5 


1*234 




1*234* 



The operators from these two coset Virasoros commute with each other, YL]1^, T'J^^^ = 0/or 
all m,n el., and both commute with all operators representing G^K 

Proof. This is clear from Theorem 2.31. The details have been presented above in (5.54), 
(5.63), (5.65), and the central charges are C/j^-Bj = 4 - ^ = ^ and CB3-G2 - 1 ~ T ~ Td' 
respectively. ■ 

5.6 Operators Used in the Proof of the Main Theorems 
5.6.1 Affine Operators Representing G^^ 

There are three operators in ^ corresponding to the three positive simple roots: 

Xfi.m = :a2(z)a;(z):o = J] :2(r)3*(-r): (5.68) 

reZ 

Xp^(0) = :aiiz)a*2iz):Q + :a3iz)aliz):o - :a3(z)a4iz):o 

= _^(:l(r)2*(-r): + :3(r)4*(-r): - :3(r)4(-r):) (5.69) 

reZ 

X_,(l) = :al(z)al(z)u = J] :2*(r)l*(l - r):. (5.70) 



reZ 



In these expressions, fermionic normal ordering switches the order of the operators (with a 
minus sign) if r > 0, and leaves the order alone if r < 0. But since the Clifford operators 
/®(r) and f(s) anti-commute for i it y, we have :i®{r)f{s): = i®{r)f(s) = -f(s)i®(r). 
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Theorem 5.20. We may write the G\ ' operators (5.68), (5.69), and (5.70) as 

Xp^{Q) = Y^2{r)3*{-r) (5.71) 

^/?2(0) = Yj (l W^^C-'-) + 3(r)4*(-r) - 3(r)4(-r)) (5.72) 

X^e{l) = Yj'^\r)\\l-r). (5.73) 

Remark 5.21. In the following chapter we will only need to apply these operators to vec- 
tors in Vn for depth < n < 2. When these operators are applied to those vectors, there 
are only finitely many values of r which may yield nonzero results since the annihilation 
operators may be anti-commuted to act first. The main Clifford relations reduce these sum- 
mations to r 6 {+^, +|} in the Neveu-Schwarz case Z = Z -i- |, and r = in the Ramond 
case Z = Z. 

5.6.2 Virasoro Representions on the Neveu-Schwarz Module 

Theorem 5.22. The following vertex operators provide two coset representations of the 
Virasoro algebra on the Neveu-Schwarz module, CM(Z + ^), with central charges | and 
jq, respectively. For all k eZ, we have 

lI'^ = -i ^ (r + i) (:4(r)4(yt - r): + :4*ir)4*ik - r): + :A(r)A*(k - r): + :4*(r)A(k - r):) 

(5.74) 

and for ri,r2, r^, r^. e Z + ^, we have 

4 

= -1^ Z Z + - + »'W(-t - r):) 

+ 2k + \)(:4r(r)4{k -r): + :4*(r)4*{k - r): + :4*(r)4(yt - r): + :4(r)4*(A: - r):) 

- i (:l(^i)l*('-2)2(r3)2*(r4): + :Kr,)r{r2)3(r,)y(r,): - :2(r,)r(r2)3(r,)y(r,): 

ri+r2+r3+r4=k 

+ a*(ri)2(r2)3(r3)4(r4): + a(ri)2*(r2)3*(r3)4*(r4): 

- :r(n)2(r2)3(r3)4*(r4): - : I(ri)2*(r2)3*(r3)4(r4):). (5.75) 
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5.6.3 Virasoro Representions on the Ramond Module 

For V 6 CM(Z+j) = y^sV^ the defintion of vertex operators Y(v, z) acting on the Ramond 
module CM(Z) = ® is modified as in (2.34) with £ = 4. These vertex operators 
provide the Ramond module CM(Z) with the structure of a vertex operator superalgebra 
module, as shown in [FFR]. In particular, for v = 0*04 we have 

exp(A(z))a>D4 = ^d, + ^z~^l (5.76) 

so 

YicoD,, z) = Y{cod„ z) + ^z"'y(l, z) = Y{cod„ z) + {z-^I = L^iz) (5.77) 

where / is the identity operator on CM(Z). The efl'ect of this "correction" is to add the 
scalar ^ to the unmodified operator Lq, which explains the -^6 in the weight of vac' in 
(5.47). We will now establish formulas for the coset Virasoro operators L^^^{z) and L'^"'(z) 
on the Ramond module. 

Lemma 5.23. We have 

e,x^{^{z))u)(D,~Bi) = <^(D4-B3) + (5.78) 
exp(A(z))a;(fi3-G2) = ^^(53-02) + (5-79) 

therefore, 

L'l\z) = Y^{iO(D,-B,),z) + ^,z-^I = Y,i^fz-'-^ (5.80) 

L"'\z) = Yj,{iO(B,^o,),z) + i,z-'^I = Yji^fz-'-\ (5.81) 

Proof. In applying A(z) to ^^(o^-gj), note that the only possible non-zero contributions are 

i(Co,ia4(|)<(^) + Ci,oa4(^)<(|))(a4(-|)a;(-i)l + al{-\)a,{-\)\)z-^ 

= 5(Co,i - Ci,o)lz-' = i^lz-' (5.82) 

since Cqj = -Ci_o = |. Since A(z)l = 0, we get the first equation. In applying A(z) to 
a»(B3_G2), the (m, n) = (0,0) terms in A(z) that might give a non-zero contribution when 
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applied to the quartic terms in co^Bs-Gi) have coefficients Co,o = 0. So we have 

A(zMs,-G,) = Mzi^ojo, - ) = - ^(i^^'l) = ^^"'1 (5-83) 



giving the second equation. ■ 

Theorem 5.24. The following vertex operators provide two coset representations of the Vi- 
rasoro algebra on the Ramond module, CM(Z), with central charges j and respectively. 
For all k eZ, we have 

-ij^l^r + ^)['A(r)A(k - r): + :4*{r)4*{k - r): + »4(r)4*(yt - r): + ^4* {r)4ik - r) :) 

reZ 

(5.84) 

and for r\,r2, r^,r^ e Z, we have 

4 

= i^tol - ± ^ ^(r + ^^)(:i*(r)iik -r): + :i{r)i\k - ry) 

1=1 reZ 

+ 2^ Yj^r + i)(»4(r)4(/t - r): + i4*{r)4*(k - r)i + i4*{r)4{k - r): + :4{r)4*{k - r):) 

reZ 

- \ E (:Kn)r{r2)2{r^)2\r,): + :\{r,)r{r2)3{r^)3\r,): - :2{r,)2\r2)3{r^)3\r,): 

ri+r2+i-3+r4=k 

+ :V{r,)2{r2)3{r,)4(r,): + :\{r,)r(r2)3*(r,)4*(r^): 

- :V(r,)2(r2)3(r,)4*(r,): - :l{r,)r(r2)y(r,)4(r,):). (5.85) 

1 /2 

Remark 5.25. As in Remark 5.21, acting on vectors of depth at most 2 reduces to a 
sum over the same small set of r since these operators are also quadratic. We handle the 
quadratic operators in L^J^^ similarly, however, the quartic operators require a different and 
less obvious treatment. In the following chapter we verify that certain vectors v of depth at 
most 2 are highest weight vectors with respect to G^ "* and the two coset representations of 
the Virasoro algebra. To do so we will only need to check the following: 

(a) Ll'\ = = for ke {1,2}. 

(b) The operators in Theorem 5.20 also annihilate v. 
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(c) L^^v = hl'\, = for certain rational numbers h]/^ and hl'^^. 

(d) V has G^'^-weight Qj for j 6 {0, 2}. 



Example 5.26. We will now show how to treat the quartic terms in l!^'" acting on a basis 



vector V 6 V^^^. Such a vector has the form ai(-^)a*(-^)aj(-\)l, af(-^)a®(-|)a®(-^)l, 

3> 



or af(-|)l as shown in Appendix 8.2. Any Clifford operator b®{rn) in a quartic term with 
mode number rn> \ annihilates v since it can anti-commute past the creation operators in 
V and annihilate 1. Hence, we need only consider | > r„ 6 Z + ^ for 1 < n < 4. 

When = = ri + r2 + r3 + r4, and v e V\^i^, the only quartic operators which may 
have a non-zero contribution when acting on v have multiset {ri, ri, r^, r^] equal to one of 
the following multisets: 

{ — - —- +- A--\ { — - +- A--\ / _ i _i _i +l\ 9.f,"\ 

\ 2' 2' 2' 2f' I 2' 2' 2' 2l' I 2' 2' 1^ 1\ \-J •0\j ) 

henceforth denoted 

- - ++, - + ++, + . (5.87) 

When the multiset is there are six distinct quartic operators which contribute to 

the sum ^ (^i)«®(^2)«®(^3)«f ('"4)0- After normal ordering has been applied, 

'"1 +f2+»'3+r4=0 

permuting the Clifford generators in each of those six quartic operators so that the mode 
numbers are in non-decreasing order, they are 

j® j®j®j^®-iS j^iSj®-iSj® gg^ 

We have shortened the notation for brevity, for example, by writing i®j®k®l® for 

a®{-\)a®{-\)a®{\)a®{\). When the multiset is either - -I- -l-l- or there are only four 

distinct quartic operators in each case, and after normal ordering has been applied, we get 

j® j®j®j®j^® j^®j®j®j® ^®j^® j®-® gQ-j 

When k = 1 = + r2 + ri, + r4 vje can see that the only quartic operators which may 
have a non-zero contribution have multiset of the form | - ^, ^, 5, also abbreviated by 
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— h ++, as there is no chance for ambiguity here. If any r„ = |, there must be at least 
one more positive mode in order for the sum to equal 1. It is clear from the basis of 
that such quartic operators of this form annihilate v. If the largest mode is j, then the only 
chance for the sum to equal 1 is the multiset presented above. 
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Chapter 6 

Coset Virasoro Representations 



6.1 Neveu-Schwarz Representations 

In this chapter we investigate the decomposition of the Neveu-Schwarz representation, V^® 
V of the affine Kac-Moody Lie algebra D)^ with respect to its subalgebra G2 . Using the 
coset Virasoro construction [GKO] from the previous section, we provide highest weight 
vectors for in V © V that will be used to decompose V © V as the tensor products of 
the irreducible Virasoro modules L(l/2,h^'^) and L(7/10, /z'^''"'), where h^'^ e {0, 1/2} and 
h^'^° 6 {0, 1/10, 3/5, 3/2, }. Specifically we provide the details that show that 

y° □ L(l/2, 0) (g) L(7/10, 0) ® W(rio) 
© L(l /2, 0) ® L(7/10, 3/5) ^(^2) 
©L(l/2, 1/2) ® L(7/10, 1/10) Wi^j) 
© L(l/2, 1/2) (8) L(7/10, 3/2) (g) W(Qo) 

and that 

2^1/2, 1/2) OL(7 /1 0,0)0 W(Qo) 
©L(l/2, 1/2) O L(7/10, 3/5) ® ^^(^2) 
© L( 1 /2, 0) O L(7/ 1 0, 1 / 1 0) (8) W(n2) 
© L(l/2, 0) ® L(7/10, 3/2) ® VK(^^o) 
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and, in fact, the containments above are equalities, and combining them we have 

e = (l(i/2,0) eL(i/2, i/2)) ® (l(7/io,0) eL(7/io,3/2)) ^ wiOo) 

©(l(1/2,0)©L(1/2, 1/2))o(L(7/10, 1/10) ©L(7/10, 3/5)) ® ^^(^Iz). 

Note that L(l/2, 0) L(l/2, 1/2) = CM,(Z + |) has the structure of a vertex operator 
superalgebra as well as being a one-fermion Neveu-Schwarz Clifford module, where the 
Clifford generators are of the form e(m) = a4(m) + a*^{m). We believe that L(7/10, 0) © 
L(7/10, 3/2) also has the structure of a vertex operator superalgebra, but the primary vec- 
tor generating its super part is of weight 3/2, so it is not a Clifford module. The sum 
L(7/10, 1/10) © L(7/10, 3/5) also appears in the decomposition below, and we believe it is 
a module for the superalgebra L(7/10, 0) ©L(7/10, 3/2). These superalgebras may already 
have appeared in the literature and may have standard names. 

As references for the construction of vertex operator superalgebras and their modules 
we mention [FFR] and [KR]. Later we will prove this equality by using the principal 
characters and graded dimensions of each of these representations. 

We introduce the notation 

<^{Vlh"\h'l'\^j) (6.1) 

for a vector in V,, which is a highest weight vector with respect to both coset Virasoro 
operators and the ^ subalgebra, which has L\I'^ eigenvalue h^^'^, eigenvalue /i^''"', 
and G''^'' weight Qj. We use the following abbreviations as in (5.53). For Clifford operators 
we write /®(r) := af(r) for 1 < i < 4, r e Z, and for vectors we write 

i®fk®l® := af(-i)a®(-i)af(-i)af(-i)l 6 y° (6.2) 

and 

ffe := af(-i)a*(-i)af(-i)l 6 Vl,. (6.3) 

The D4 weight of such vectors is easily found since each occurrence of a Clifford gen- 
erator a,(r) adds weight e„ while a*(r) subtracts weight e,, and the D4 weight of 1 is 0, 
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corresponding to the fact that is the 1 -dimensional trivial D4 module. In the Ramond 
modules, the D4 weight of 1 is A4, corresponding to the fact that V^^j is the 8-dimensional 
even spinor D4-module. We also use the fact that the top graded piece of the G^,'^-module 
W(f2o) is the 1 -dimensional trivial G2 module, and the top graded piece of W{Q.2) is the 
7-dimensional G2 module. This means that if a highest weight vector (6.1) has Q.j then the 
D4 weight of the vector must project under (5.30) to the G2 weight if j = or to A2 if 
j = 2. Knowing a basis for V'^, < n < 2, we can list those basis vectors whose weights 
have the correct projection, and express the desired highest weight vector as a linear com- 
bination of them. We can find the conditions on the coefficients of the combination that 
correspond to it being annihilated by L\^^, L^^, Lj^^°, Lj''"', the positive simple root vectors 
of G2 and so that L^'^ and lJq^^ act with the eigenvalues h^^^ and /?'^"', respectively. In 
the following Lemma we begin this process by giving the appropriate lists of basis vectors 
for each highest weight vector that was found and contributed to the answer. 

Lemma 6.1. In the Neveu-Schwarz modules, for highest weight vectors ^{V^, h^^^, /z^^'", Qj) 
in or in t/| for Q < n < 2, we can express each vector as some linear combination of 
specific basis vectors as follows: 

(a) Vq is l-dimensional with basis {!}, which has G2 weight 0. 

(b) In y|^2 '^'^y vector 0/G2 weight is a linear combination o/|4(-^)l, 4*(-|)l|, and any 
vector 0/G2 weight A2 is a linear combination o/|l(-^)l|. 

(c) In yj* there are no highest weight vectors with G2 weight 0, and any vector 0/G2 weight 
A2 is a linear combination of[\{-\)A{-\)\, l(-^)4*(-|)l, 2{-\)X-\)^\ 

(d) In cif^y vector of G2 weight is a linear combination of 

{4(-|)l, 4*(-|)l, 1 1*4, 1 1*4*, 22*4, 22*4*, 33*4, 33*4*, 1*23, 12*3*), and any vector of 
G2 weight A2 is a linear combination o/jl(-|)l, 122*, 133*, 144*, 234, 234*j. 
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(e) In any vector 0/G2 weight is a linear combination of 

{11*44% 22*44*, 33*44*, 1*234, 1*234*, 12*3*4, 12*3*4*, 1 1*22*, 1 1*33*, 22*33*}, 
and there are no highest weight vectors with G2 weight A2. 

Theorem 6.2. The following eight vectors are annihilated by the operators (5.71) - (5.73) 
which represent the positive simple root vectors o/Gj \ by the c = ^ coset Virasoro positive 
operators L^^^ for k = 1,2, and by the c = coset Virasoro positive operators lI^^'^ for 
k=l,2. 

(a) (t)(y°,0,0,Qo) = l 

(b) (t)(y°, i, j^, Q2) = i(-i)4(-i)i + i(-i)4*(-i)i 

(c) ct)(1/|', 0, f , ^2) = 2(2(-i)3(-i)l) - l(-i)4(-i)l + l(-i)4*(-i)l 

(d) (^(V^, ^, |,Qo) = 11*44* - 22*44* - 33*44* + 1*234 + 1*234* + 12*3*4 + 12*3*4* 

(e) (t)(t>|/2, i 0, Qo) = 4(-i)l + 4*(-i)l 

(f) (t)(y//2,0,j^,Q2) = i(-i)i 

(g) (t)(yi/2, i |, ^2) = 234 + 234* - 144* 

(h) (t)(y]/2' 0' I' ^0) = 1 1*4 - 1 1*4* - 22*4 + 22*4* - 33*4 + 33*4* + 2(l*23 + 12*3*) 

Proof. We will only show the proofs for the easiest part, (a), and for part (g), which exhibits 
all of the techniques needed to complete the other parts, using the appropriate tables from 
Appendix 8.4. 

(a) This is the easiest vector to check. Since 1 is at depth 0, it is annihilated by the op- 
erators (5.71) - (5.73) which represent the positive simple root vectors in ^ because each 
normal ordered component of each operator contains a Clifford element which annihilates 
1. In particular, Xe,(0)l = = X^^{0)1 = X-g{l)l. The same is true for the Virasoro oper- 
ators with positive subscripts found in (5.74) and (5.75). In particular, Lj 1 = = Lj 1 
andLfl = = L^/"'l. 
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(g) By Lemma 6.1(d), any highest weight vector 4>iVy2, ^2) must be a linear com- 
bination of the form v = 2f=i biVi, where 

vi = 1(-|)1, V2 = 122*, V3 = 133*, V4 = 144*, V5 = 234, v, = 234*. 

1 /2 

From its depth, any such combination is clearly annihilated by the Virasoro operators 
and L^^'° for ^ > 2. In order for v to be a HWV, it must be annihilated by (5.71) - (5.75). 
First we apply the operators (5.71) - (5.73), keeping in mind Remark 5.21 which in 
this situation implies that r 6 {+^, + |}. Tables 8.1 - 8.4 show that 

^a(0)v = Z>3(123*)-Z>2(123*) 

Xe,(0)v = ^5(134) + Z?6(134*) + bsi-UA*) + Z?4(134*) - hi-UA) - Z?4(-134) 
X_e(l)v = Z.i(2*(-i)l) + Z72(2*(-i)l) (6.4) 

so these are all when the coefficients bi satisfy the linear equations, 

= -b2 + bj 
= b3 + b4 + b5 
= -Z73 + Z74 + be 

= bi+ b2. (6.5) 

Next we apply the Virasoro operators (5.74) and (5.75) with k = \. For the action of 
the quadratic operators on v, contrary to the case above, we do not need all r e {+^, +|}; 
we need only consider r = j. The justification is as follows; if r > | the Clifl'ord genera- 
tors with positive modes will annihilate v. If r = ^ then °Jij)i*{j): + as well as 
;4(^)4(^) ° and :4*(^)4*(^) ° are all the zero-operator by the anti-symmetry of normal order- 
ing. If r = -| then the coefficient ir+^) = 0. (See (2.20)). Finally if r < then 1 - r > | 
and the positive modes will annihilate v. We do not need a table for this calculation as the 

1 /2 

explanation above tells us that Lj • v = 0, and also that the contribution of the quadratic 
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operators of L^^'" on v come only from the terms z = 1 on biVi, 

- Ul + + :i(i)r(-^)")^ii(-i)i 

= -j^(2)( - i(-^)r(|) - r(-i)i(|))z7ii(-|)i 

= iz7ii(-^)r(|)i(-i)i 

= (6.6) 



Table 8.5 summarizes the actions of the quartic operators on v based on the observations 
in Remark 5.25 and Example 5.26. Suppressed in each entry is the sum over all possible 
multisets (5.89) applied to each v,. The table and the discussion above show that 

L\'\ = 

= (\b: - \b, - \b, + \bs - \b,)(K-\)l). (6.7) 

In order for L^^^" • v = 0, the coefficients must satisfy 

Q = bi-b2-b,+b,- be. (6.8) 

The two systems (6.5) and (6.8) together imply that 

bi = bj = b^ = 
bA = -be 
bs = be 

be = s is free. (6.9) 

Thus the vector proposed in the theorem is the unique (up to scalar multiples) linear com- 
bination of basis vectors which is highest with respect to G^ '' as well as the c = ^ coset 
Virasoro and the c = ^ coset Virasoro. ■ 

Theorem 6.3. The eight vectors from Theorem 6.2 have the appropriate eigenvalues for 
the c = J and c = ^ coset Virasoro representations, as found in their labels. 
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Proof. Again we only show parts (a) and (g). 

1 /2 7/10 

(a) It is easy to see that both Lq 1 = and Lq 1 = since each nomial ordered 
component of each operator contains a Clifford element with a positive mode number, 
which annihilates 1. 

(g) Let V = (\>iVl/2, \, f , ^^2) = 234 + 234* - 144*. We claim lJ^^v = \v and jJl^^v = f v. 

1 /2 7/10 

When L() or Lq acts on v, the possible non-zero contributions of the action of the Lq 
operator come from linear combinations of quartic operators whose actions are computed 
in Tables 8.6 - 8.8 and summarized in Table 8.11, as well as from linear combinations of 
quadratic operators whose actions are computed in Tables 8.9 and 8.10 and summarized in 
Table 8.12; all according to Remark 5.25 and Example 5.26. We then have 



Li'\ = L,y^(234 + 234* - 144*) 




i(234 + 234* - 144*) 



(6.10) 



as claimed. Now we compute 



7/10 
'0 



'v = L'^'"(234 + 234* - 144*) 



V4 + V5 + Vg + V5 + V6 + V4 + Vg + V4 + V5 




- 5^ - V5 - V6 - V5 + V2 + V3 + V4 - Vi - V6 - V2 - V3 + V4 + Vi 
= f (-V4 + V5 + Ve) 




(6.11) 



verifying the second part of the claim. 
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6.2 Ramond Representations 

Now we investigate the decomposition of the Ramond representation © using the 
tensor products of the irreducible Virasoro modules L(l /2, h^) and L(7/10, /z4), where hi, e 
{0, 1/2, 1/16} and h4 e {7/16,3/80}. We show that 

D L(l/2, 1/16) OL(7/ 10, 3/80) O ^^(^2) 
©L(l/2, 1/16)^^7/10,7/16)0^^(^^0) 

and with the same decomposition, 

□ L(l/2, 1/16) (8) L(7/10, 3/80) ® WCDj) 
eL(l/2, 1/16) ®L(7/ 10, 7/16)® VK(Qo)- 

In this section we continue to use the notation (6.1), and we have analogous theorems and 
lemmas. 

Lemma 6.4. In the Ramond modules, for highest weight vectors ^{V'^,h^^^,h^^^^ ,Q.j) in 
Vy2 or in V^i2> we can express each vector as some linear combination of specific basis 
vectors as follows: 

(a) In Vli2 any vector of G2 weight is a linear combination o/{l*(0)4*(0)l', 2*(0)3*(0)1'}, 
and any vector 0/G2 weight A2 is a linear combination of{l'}. 

(b) In V^j2 '^^y vector of G2 weight Q is a linear combination o/{l*(0)l', 2*(0)3*(0)4*(0)1'}, 
and any vector 0/G2 weight A2 is a linear combination o/{4*(0)l'}. 

Theorem 6.5. The following four vectors are annihilated by the operators (5.71) - (5.73) 
which represent the positive simple root vectors ofG^K by the c = ^ coset Virasoro positive 
operators L^^^ for k = 1,2, and by the c = coset Virasoro positive operators iJ^^^^ for 
k = 1,2. 

(a) WVl^'l'"2) = l' 
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(b) <^{Vl^, ^, ^,no) = 1*(0)4*(0)1' - 2*(0)3*(0)1' 

(C) (t)(y3/2'l^'l'^2) = 4*(0)l' 

(d) (t)(y3/2' 1^' ^'"o) = 1*(0)1' + 2*(0)3*(0)4*(0)1' 

Proof. Each of the vectors from parts (a)-(d) are at depth ^, therefore they are annihilated 
by lI'^ and L^^"' for k e {1,2}. Recall Remark 5.21 which says that we need only consider 
r = when applying the G2 ^ operators. When r = 0, X^g(l) = 2*(0)1*(1), whose positive 
mode number will annihilate the vectors from parts (a)-(d). When applying X/j^{0) it is 
easy to see that it also acts trivially on each vector (a)-(d). Either the Clifford element 2(0) 
anti-commutes to annihilate 1', or 3*(0) anti-commutes to square (and hence annihilate) 
another factor of 3*(0). Thus we need only apply Xfj^iO) with care. Those calculations 
are summarized in Table 8.13 located in Appendix 8.3. Since X/i^{0) also annihilates each 
vector, this completes the proof. ■ 

The following lemmas are proved by simply invoking Definition 5.16. 

Lemma 6.6. Fori ^ j, :/(0)f (0)7(0)/(0): = |/-r(0)/(0)/(0)7(0)-if (0)/(0)-i/(0)7(0). 

Lemma 6.7. For i, j,m,n all distinct, :/®(0)/(0)m®(0)R®(0): = z®(0)/(0)m®(0)n®(0). 

Theorem 6.8. The four vectors from Theorem 6.5 have the appropriate eigenvalues for 
the c = ^ and c = ^ coset Virasoro representations, as found in their labels. 

Proof. When applying the quadratic operators to each of the vectors from parts (a)-(d) 
we notice first that we can only have non-zero contributions when r = 0; otherwise the 
presence of a positive mode number will annihilate 1'. By the anti-symmetry of normal 
ordering, :i*(0)i(0): + :/(0)f (0):, ^4(0)4(0): and :4*(0)4*(0)° each equal the zero-operator. 

1 /2 1 

Hence the action of Lq given in (5.84) reduces to -^1 on all four vectors, verifying that 
h^^^ = for each vector. 

16 

The action of Lq^^" on the vectors from parts (a)-(d) can be discerned from the obser- 
vation made above about the trivial action of all of the quadratic operators, and from Table 
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8.14. Inspection of the entries of the table leads us to infer that the eigenvalues will be ex- 
actly the same for c^Vj^/j' ^2) and (^(Vl^j^ ^, ^, 0.2), as well as for (p{V^/2, j^, j^, ^0) 
and cj)(yj'^2' 1^' ^o)- Since the proofs are so similar, we only present the calculation for 
part (a). 

By (5.85), Lemmas 6.6 and 6.7 and Table 8.14, we have 

Ll'^^r = ^1' - i(:l(0)r(0)2(0)2*(0): + :l(0)r(0)3(0)3*(0); - :2(0)2*(0)3(0)3*(0): 
+ :r(0)2(0)3(0)4(0): + : 1 (0)2* (0)3* (0)4* (0)^ 
-:1*(0)2(0)3(0)4*(0): - :l(0)2*(0)3*(0)4(0)^)l'. 

This yields, = ^1' - i(|l' + |l' - |l') = ^1', which verifies h"'"^ = ^. 
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Chapter 7 
Conclusions 



The results of Chapter 6 show that V decomposes into at least twelve highest weight mod- 
ules for Vir^^^(8)Vir^^^°(8)G^^\ each of the form L(l/2, h^'^)^L(7 /\0, h^'^^)^W(Qj), where 
6 {0,1/2,1/16},/?^/"' e {0,1/10, 3/5, 3/2, 7/16, 3/80}, and j e {0,2}. We found eight 
of them inside the Neveu-Schwarz module, and four more inside of the Ramond module. 
The content of Chapter 4 is that V contains no more than these twelve highest weight mod- 
ules, as the character of V equals the character of the sum of those twelve modules. Hence 
we have proved our main theorem: 

Theorem 7.1. The direct sum of the four level-1 irreducible highest weight modules for the 
ajfine Kac-Moody Lie algebra Dy, V = V ® V ® V ® V , decomposes with respect to 
its affine subalgebra G^ '' into the direct sum of twelve Vir^^^ (8> Vir^/^° ^ G'"^ -modules as 
follows: 

V = (L(1/2, 0) e L(l/2, 1/2)) ® (L(7/10, 0) L(7/10, 3/2)) ® W(Qo) 
e (L(1/2,0) e L(l/2, 1/2)) ® (L(7/10, 1/10) e L(7/10,3/5)) ® W{'^2) 
e (L(1/2, 1/16) (8) L(7/10, 3/80) L(l/2, 1/16) L(7/10, 3/80)) ® W{'^2) 
® (L(1/2, 1/16) O L(7/10, 7/16) e L(1/2, 1/16) (g) L(7/10, 7/16)) ® W{'D.o). 

Each summand is determined by a vector <^(V'^,h^^^,h'^^^''\Q.j) which is a highest weight 
vector with respect to both coset Virasoro operators and the G2 ^ subalgebra, which has 
Lq^ eigenvalue h^^^, L^^^ eigenvalue h''^^^, and G^^ weight Qj. The explicit form of these 
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highest weight vectors is given in Theorems 6.2 and 6.5, showing which summands occur 
in each D\ -module V. 

Remark 7.2. During the process of finding and proving the decomposition above, we also 
learned more about the structure of V and the branching rules for decomposing D4-modules 
into 53-modules and G2-modules. For instance, at depth | the triality automorphism cr 
cyclically permutes the 8-dimensional natural, even, and odd spinor representations of the 
finite dimensional Lie algebra D4, and & permutes the highest weight vectors found in V[^2^ 
l<i<3, 

&\<\>(Vlf„ i, 0, Qo)) = <t(ct)(t>f/2' h h "0)) = <^iyli2^ h h ^0). (7.1) 

This might lead one to naively believe that the two highest weight vectors in would 
be sent by & and &^ to highest weight vectors in and Vy^ . This is just not true, as shown 
by the character theory supplied in Chapter 4. The point is that the vertex operators repre- 
senting the coset Virasoro algebras transform under conjugation by & into different coset 
Virasoro operators which are associated with different Bi, subalgebras inside D4. While we 
did not need these "twisted" coset Virasoro operators to achieve our goal, we think they are 
interesting and will discuss them below. 

Remark 7.3. Throughout, we have mentioned that as we focus our attention from D4 to 
53, we see that there are three isomorphic copies to choose from, the fixed points under 
T, err, or cr^T. Even though our exposition mainly discusses the role of the former, B3 = 
D\, its affinization, and its role in the coset Virasoro constructions, one can (and arguably 
should) investigate the behavior of its cr-"twisted sisters", and their coset constructions. 
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Fortunately, we are able to provide the following information: 



44* = 44* + 4*4 + 44 + 4*4* 



11*22* = 11*22* + 11*33* - 22*33* 



22*44* I = 22*44* + 33*44* - 11*44* 
1*234 1 = 1*234 + 12*3*4* = -0-^(44 + 4*4*) 



1*234* = 12*3*4 + 1*234* = a-(44 + 4*4*). 



which allows us to write 



and 



as well as 



(J 44* 



11*22* 


1 

-7 


22*44* 


+ 


1*234* 



o- 11*22* = ^ojo, - (44* + 4*4) + i 11*22* - \ 22*44 



& 22*44* 



& 1*234 



-^ojd, + (44* + 4*4) + ^ 1 11*22*1 - ^ | 22*44* 
-(44 + 4*4*) 



& 1*234* 



1*234 



a^44* 



11*22* 




22*44* 




1*234 



cr 



cr 



11*22* = ^ojd, - (44* + 4*4) + i 11*22* + i 22*44* 



22*44* = ^(Od, - (44* + 4*4) - ^ 11*22* - i 22*44* 



cr 



1*234 



1*234* 



^2 1*234*1 = (44 + 4*4*) 



44* 



11*22* 



22*44* 



+ 



1*234* 



11*22* 



+ 



22*44* 



1*234 
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and 



11*22* 


1 

5 


1*234 




1*234* 



44* 



11*22* 



+ 



22*44* I - ^1 1*234 



j_ 

20. 



1*234* 



44* 



40 



11*22* 



22*44* 



20 



1*234 



+ 



1*234* 



It is shown in [FFR] that for any automorphism g in the triality group G = {cr,T) = S3, 
for any v 6 V we have 

gY(v,z)g-' = Y(gv,z), (7.2) 
and, in particular, for any u,v eV, we have 

gY(v,z)u = Y(gv,z)gu (7.3) 

which means that the coefficients satisfy gYfniv)u = Ymigv)gu for all m e Z. For 1 < / < 3, 
we have the vertex operators 

&'Y{oj^D4-B3),z)d-~' = 
a-'F((t>(fi3_G2),z)o-"' = 

so that 

It is then clear that, as & conjugates of operators representing the Virasoro algebra, these 
new operators provide d--twisted representations of those coset Virasoro algebras. If v e 
is a highest weight vector with respect to the untwisted coset Virasoro operators, that is, 
L^v = Skfih'^v for > 0, c = ^ or c = then 

Lf{&'v) = 6t,oh\&'v) (7.7) 

shows that &'v is a highest weight vector with respect to the cr'-twisted coset Virasoro 
operators rather than with respect to the untwisted coset Virasoro operators. Since (T(a»z)J = 
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Yi&\cO(D,~B,)), z) = J] L'J^'^'z-''^ (7.4) 

Y{d-\co(B,-G2)), z) = Yj lI'^'^^'z-'-' (7.5) 

keZ 

and Ll^''^^' = &^L'l''&-\ (7.6) 



6>D4 and d-(ojG2) = ^D4, the vertex operators representing the Virasoro algebras associated 
with Z)^ ^ and ^ are invariant under conjugation by o", so if a vector v is highest with 
respect to either of those two Virasoro algebras, then &'v will also have that property. 
We can now supply the "reptilian" vertex operators ... scaled for their beauty: 



11*22* 


-Yk 


22*44* 


+ 2F, 


1*234* 




11*22* 


+ Yi 


22*44* 


-2Yi 


. 1*234 



40Yk(&oj^B,-G2)) = ^YkioJoJ + 87,144*1 - 37, 111*22*1 + 57, | 22*44* 



-87, 1*234 - 27, 1*234* 



40Yk(&'co^B,-G2)) = 37,(0^04) + 87,1 44* I - 37, | 11*22* | - 57, | 22*44* 



+27, 1*234 + 87, 1*234 



(7.8) 



We found that changing perspective on which copy of B'-^^ would serve as our interme- 
diate algebra was a very enlightening step in understanding this project. 

Our plan for future work is to investigate the branching rules of other affine Kac-Moody 
Lie algebra representations, including twisted algebras such as Df\ We also wish to apply 
these techniques to the study of the symplectic affine Kac-Moody algebras Cf\ which have 
analogous level constructions from a Weyl algebra instead of a Clifford algebra. 
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Chapter 8 
Appendix 



8.1 Verification that (i>{V^ , ^, f , Qs) is in fact a HWV 
8.1.1 Tables Relevant to G^^^ 



r<0 


l(-f)l 


122* 


133* 


144* 


234 


234* 






















2(-^)3*(i) 








123* 











r > 


1(-|)1 


122* 


133* 


144* 


234 


234* 


3*(-i)2(§) 




















3*(-i)2(i) 





123* 














Table 8.1: Application of operators (5.71) 


r < 


1(-01 


122* 


133* 


144* 


234 


234* 


i(-i)2*(|) 




















l(-^)2*(^) 














134 


134* 


3(-|)4*(|) 




















3(-i)4*(i) 











134* 








3(-|)4(|) 




















3(-i)4(l) 











-134 








r > 




122* 


133* 


144* 


234 


234* 


2*(-i)i(f) 




















2*(-^)l(i) 




















4*(-|)3(|) 




















4*(-^)3(i) 








134* 











4(-i)3(|) 




















4(-^)3(l) 








134 












Table 8.2: Application of operators (5.72) 
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net =1 — 1 


1(-2)1 


122 


133 


AAA* 

144 


234 


234 


°2(r)3*(-r): 





-123* 


123* 











°l(r)2*(-r): 














134 


134* 


°3(r)4*(-r): 








-134* 


134* 








:3(r)4(-r): 








-134 


-134 









Table 8.3: Summary of Tables 8.1 and 8.2 



Z = i 




122* 


133* 


144* 


234 


234* 


:2*(f)l*(-i): 




















:2*(^)1*(^): 





2*(-i)l 














:2*(-^)l*(|): 


2*(-i)l 


















Table 8.4: Application of operators (5.73) 



8.1.2 Table Relevant to L\ 



- + ++ 




122* 


133* 


144* 


234 


234* 


11*22* 



















11*33* 








1(-^)1 











22*33* 




















1*234* 




















12*3*4 



















1*234 








































Table 8.5: Application of quartic operators for 



8.1.3 Tables Relevant to 



— ++ 




122* 


133* 


144* 


234 


234* 


11*22* 




















11*33* 




















22*33* 





133* 


122* 





234 


234* 


1*234* 





234* 


234* 


-234* 








12*3*4 

















122* + 133* - 144* 


1*234 





234 


234 


234 






















122* + 133* + 144* 






Table 8.6: Application of quartic operators for r, multiset 1-+ 
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- + ++ 




122* 


133* 


144* 


234 


234* 


1122 





1(-5)1 














11*33* 



















22 33 


U 


u 


(J 


u 


U 


u 


1*234* 




















12*3*4 



















1*234 




















12*3*4* 




















Table 8.7: Application of quartic operators for r, multiset - + ++ 



+ 




122* 


133* 


144* 


234 


234* 


11*22* 


122* 

















11*33* 


133* 

















22*33* 




















1*234* 


-234* 

















12*3*4 




















1*234 


-234 

















12*3*4* 





















Table 8.8: Application of quartic operators for r, multiset + 



r = i 




122* 


133* 


144* 


234 


234* 



























122* 


133* 


144* 













122* 














2(-i)2*(i) 





122* 








234 


234* 


3*(-^)3(^) 








133* 











3(-^)3*(i) 








133* 





234 


234* 


4*(-i)4(i) 











144* 





234* 


4(-i)4*(i) 











144* 


234 





4(-i)4(^) 

















234 


4*(-i)4*(i) 














234* 





Table 8.9: Application of quadratic operators for 


' 2 


r = f 




122* 


133* 


144* 


234 


234* 
























l(-f) 



















































i(-|)r(|) 


K-f) 


















Table 8.10: Application of quadratic operators for r = +| 
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1 AA* 






11 ZZ 


U 


U 


(J 


1 1 











22*33* 





234 


234* 


1*234* 


-234* 








12*3*4 








122* + 133* - 144* - 1(-|)1 


1*234 


234 













122* + 133* + 144* - 1(-|)1 






Table 8.11: Summary of Tables 8.6-8.8 (for use in Theorem 6.3) 





144* 


234 


234* 













:l*(r)li-r): 


144* 








:2(r)2*(-r): 











»2*(r)2(-r): 





234 


234* 


:3(r)3*(-r): 











:3*(r)3(-r): 





234 


234* 


:4(r)4*(-r): 


144* 





234* 


.4*(r)4(-r): 


144* 


234 





:4(r)4(-r): 








234 


:4*(r)4*(-r): 





234* 






Table 8.12: Summary of Tables 8.9 and 8.10 (for use in Theorem 6.3) 

8.2 Bases for V^,^ and 



V' 

* n 


Basis 


Dimension 






?®(- 


|) vac 


1 < z < 4 


8 




i{-\)i*{- 


i)f{- 


^) vac 


1 < z ^ J < 4 


24 




iy-\)f{- 


i)P(- 


^) vac 


1 < / < i <k<A 


32 


n 


/®(- 


-§)/(- 


^) vac 


l<i,i<A 


64 




/(-i)f(-i)j(- 


-\)n- 


^) vac 


I <i < J < 4 


6 




i{-\)i\-\)fi.- 




5) vac 


1 < z < 4, 
i + j, i ^ k, 
1 < i <k<A 


48 




l®(-i)2®(-i)3®(- 


i)4®(_ 


^) vac 




16 
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8.3 Ramond Tables 
8.3.1 Table Relevant to G^^ 





1' 


r(0)4*(0)i' 


2*(0)3*(0)1' 


4*(0)1' 


1*(0)1' 


2*(0)3*(0)4*(0)1' 


-2* (0)1(0) 





-2*(0)4*(0)1' 








-2*(0)1' 





-4* (0)3(0) 








-2*(0)4*(0)1' 











4(0)3(0) 

















2*(0)1' 



Table 8.13: Application of operators (5.72) 



8.3.2 Table Relevant to L, 

o 



r,- -0 


1' 


1*(0)4*(0)1' 


2*(0)3*(0)1' 


4*(0)1' 


1*(0)1' 


2*(0)3*(0)4*(0)1' 


r (0)2* (0)1 (0)2(0) 




















r(0)3*(0)l(0)3(0) 




















2* (0)3* (0)2(0)3(0) 








-2*(0)3*(0)1' 








-2*(0)3*(0)4*(0)1' 


1* (0)1(0) 





1*(0)4*(0)1' 








1*(0)1' 





2* (0)2(0) 








2*(0)3*(0)1' 








2*(0)3*(0)4*(0)1' 


3*(0)3(0) 








2*(0)3*(0)1' 








2*(0)3*(0)4*(0)1' 


1 * (0)2(0)3(0)4* (0) 








-1*(0)4*(0)1' 











1(0)2*(0)3*(0)4(0) 





-2*(0)3*(0)1' 














1*(0)2(0)3(0)4(0) 

















-1*(0)1' 


1(0)2*(0)3*(0)4*(0) 














-2*(0)3*(0)4*(0)1' 






Table 8.14: Application of quartic operators for L^ 



8.4 Tables for the Remaining Neveu-Schwarz HWV's 
8.4.1 Tables Relevant to G^^^ 





4(-i)l 


4*(-i)l 


1(-^)1 


1(- 


-^)4(-^)l 


1(- 


-5)4*(-^)l 


2(- 






2(-i)3*(i) 




























3*(-i)2(i) 




























%(0) 














l(-i)2*(i) 





















K- 


-i)3(- 




2*(-|)l(i) 




























3(-^)4*(i) 


3(-i)l 








1(- 


-i)3(-^)l 














4*(-i)3(i) 




























3(-^)4(^) 





3(-i)l 










1(- 


4)3(-i)l 









4(-^)3(i) 










































2*(i)r(i) 





















Table 8.15: Action of the operators on the basis vectors discussed in 6.2 





11*4 


1 1*4* 


22*4 


22*4* 


33*4 


33*4* 


1*23 


12*3* 


2(-^)3*(^) 














23*4 


23*4* 








3*(-^)2(i) 








23*4 


23*4* 
































l(-i)2*(i) 








12*4 


12*4* 








-11*3 





2*(-i)l(i) 


12*4 


12*4* 














-22*3 





3(-i)4*(i) 


11*3 





22*3 

















4*(-^)3(i) 














-344* 








12*4* 


3(-i)4(i) 





11*3 





22*3 














4(-^)3(i) 

















344* 





12*4 




















2*(i)r(i) 



























Table 8.16: Action of the operators on the basis vectors discussed in 6.2 
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Xr, (0) 


11*44* 


22*44* 


33*44* 


1*234 


1*234* 


12*3*4 


12*3*4* 










23*44* 














3*(_i)2(i) 





23*44* 






































12*44* 





-11*34 


-11*34* 








2*(-i)l(i) 


12*44* 








-22*34 


-22*34* 








3(-i)4*(i) 


11*34* 


22*34* 











-12*33* 





4*(-i)3(i) 

















-12*44* 





3(-^)4(^) 


-11*34 


-22*34 














-12*33* 


4(-^)3(i) 




















12*44* 


















2*(i)r(i) 
























Table 8.17: Action of the G\ operators on the basis vectors discussed in 6.2 

8.4.2 Table Relevant to L\ 





11*44* 


22*44* 


33*44* 


1*234 


1*234* 


12*3*4 




11*22* 























11*33* 























22*33* 























1*234 




















1 


1*234* 

















1 





12*3*4 














1 



















1 












Table 8.18: Action of the Ur^ operators on the basis vectors discussed in 6.2 
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8.4.3 Tables Relevant to L\ 





11*4 


11*^* 


22*4 


22*4* 


33*4 


33*4* 


1*23 


12*3* 




4(-i)l 


4*(-^)l 






















-4(-^)l 


-4*(-i)l 




















2(^)2*(i) 








4(-^)l 


4*(-i)l 














2*(^)2(i) 








-4(-^)l 


-4*(-i)l 














3(|)3*(|) 














4(-i)l 


4*(-i)l 








3*(^)3(i) 














-4(-|)l 


-4*(-^)l 








4(^)4*(i) 


























4*(^)4(i) 


























4(^)4(^) 


























4*(i)4*(i) 


























11*22* 


























11*33* 


























22*33* 


























1*234 























4(-^)l 


1 2*3*4-* 




















4*(-i)l 





1*234* 























4*(-i)l 


12*3*4 




















4(-i)l 






Table 8.19: Action of the L\ operators on the basis vectors discussed in 6.2 





11*44* 


22*44* 


33*44* 


1*234 


1(2)1 (2) 


4(- 


i)4*(- 


^)1 



















1 (2)1(^) 


-4(- 


-|)4*(- 


4)1 



















2(2)2 (2) 




U 




4(- 


2)4 (-2)1 




U 









2 (2)2(2) 









-4( 


-2)4 (-2)1 




r\ 






U 




3(2)3 (2) 














4(- 


-i)4*(-i)l 









3 (2)3(2) 




A 

u 






U 


-4( 


-5)4 (-2)1 




u 






1(- 


i)l*(- 


i)l 


2(- 




3(- 


-i)3*(-i)l 









4*(i)4(i) 


-1(- 


-7)1*(- 




-2( 




-3( 


-i)3*(-^)l 









4(^)4(i) 


























4*(i)4*(i) 


























11*22* 


























11*33* 


























22*33* 


























1*234 













































1(-5)1*(- 


i)l - 2(-i)2*(- 




















-3(-^)3*(- 


4)l-4(-i)4*(- 


4)1 


1*234* 


























12*3*4 



























Table 8.20: Action of the Lj operators on the basis vectors discussed in 6.2 and continued below 





1*234* 


12*3*4 


1 2*3*4* 


1 / 1 \ 1 * /" 1 \ 































1 (i)i(i) 































2(2)2 (2) 































2 (2)2(5) 































3(5)3 (5) 




U 


























3 (5)3(5) 































4(^)4*(^) 































4 (5)4(5) 




U 


























4(5)4(2) 































4 (5)4 (2) 































11*22* 































11*33* 































22*33* 































1*234 




















-i(- 


-5)1*(- 


4)1 + 2(- 


4)2*(- 


4)1 




















3(- 


i)3*(- 


i)l+4(- 


5)4*(- 


i)i 


12*3*4* 































1*234* 









-1(- 


-5)1*(- 


-5)1 + 2(- 


-5)2*(- 























3(- 


^)3*(- 


5)1 -4(- 


5)4*(- 


1)1 












12*3*4 


1(- 


i)l*(- 


i)l 


























-2(- 


-5)2*(- 


4)1 
























-3(- 


-5)3*(- 


4)1 
























+4(- 


-5)4*(- 


4)1 























Table 8.21: Action of the operators on the basis vectors discussed in 6.2 continuation 



8.4.4 Tables Relevant to L' 





4(-i)l 


4*(-i)l 
— — 




1(- 


4)4(- 




1(- 


04*(- 


-01 


2(- 


03(-01 

2/ \ 2^ 


4(-|)4(^) 





4(-i)l 












1(- 


-04(- 


1' 







4(-i)4*(^) 


4(-i)l 








1(- 


-i)4(- 

Z ' ^ 


01 

Z ' 














4*(-^)4(l) 





4*(-i)l 

z 












1(- 


04*(- 


-01 







4*(-i)4*(i) 


4*(-i)l 

^ Z ' 








1(- 


i)4*(- 

z ^ 


z 












































2*(-i)2(i) 






























3*(-^)3(i) 








































1(- 


-i)4(- 


01 


1(- 


04*(- 


-01 







2(-^)2*(i) 

























2(- 


03(-01 


3(-^)3*(i) 

























2(- 


03(-01 


11*22* 






























11*33* 






























22*33* 

























2(- 


03(-01 


1*234 


















-2( 


-03(- 


-01 
































-1(- 


-04*(-01 


1*234* 











2(- 


-^)3(- 


01 














12*3*4 

























-1(- 


-04(-01 



Table 8.22: Action of the operators on the basis vectors discussed in 6.2 
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1 1 *A 


1 1 */i* 
—11 4 


— zz 4 


Ty*A* 
zz 4 


—33 4 


33 4 


1 *oi 

1 Z,J 


IZ 


4(-2)4(2) 


A 
U 


1 1 */i * 
—11 4 


A 
U 


00*/l * 
zz 4 


A 
U 


'J1*/1 * 
33 4 


A 
U 


A 
U 




1 1 */l 


A 
U 


— ZZ 4 


A 

u 


—33 4 


A 
U 


A 
U 


A 
U 


^ V 2 '^2' 





_1 1*4* 





22*4* 





33*4* 








A.*(-i\A.*(L\ 
^ V 2' ^2' 


1 1*4* 





-22*4 





-33*4 











^ \ 2'^2' 


-11*4 


1 1*4* 














-1*23 





V 2 '^2' 








22*4 


—22*4* 













V 2'^2' 














33*4 


-33*4* 





J- ^ 


^\ 2' ^2' 


-11*4 


11*4* 

















-1- ^ 


^\ 2' ^2' 








22*4 


-22*4* 








-1*23 

J- 





2' ^2' 














33*4 


-33*4* 


-1*23 





1 1 too* 
1 i Zz 


ZZ 4 


— zz 4 


1 1 */i 

— 114 


1 1 */l * 
114 


A 

u 


A 

u 


1 z3 


1 0*0* 

iZ J 


1 1 too* 
1 i -5 J 


-5J 4 


— -5J 4 


A 

u 


A 

u 


1 1 */l 
— 11 4 


T 1 */l * 
114 


— 1 z3 


— iZ J 


zz 3j 


U 


A 

u 


—3-5 4 


11* A* 

33 4 


— zz 4 


zz 4 


1 z3 


IZ i 




n 


-1 *93 





-1 *93 





-1 *93 





-1 1 *4 + 99*4 


















+33*4 


12*3*4* 


-12*3* 





-12*3* 





-12*3* 





11*4* - 22*4* 



















-33*4* 




1*234* 


1*23 





1*23 





1*23 








-11*4* + 22*4* 


















+33*4* 


12*3*4 





12*3* 





12*3* 





12*3* 


11*4-22*4 



















-33*4 





Table 8.23: Action of the L^j operators on the basis vectors discussed in 6.2 



4(-i)4(^) 
4(-i)4*(i) 
4*(-i)4(i) 
4*(-i)4*(i) 

2*(-^)2(i) 
3*(-^)3(^) 

2(-^)2*(^) 
3(-^)y(^) 
11*22* 
11*33* 
22*33* 
1*234 



1*234* 
12*3*4 



11*44* 


11*44* 
11*44* 


-11*44* 



-11*44* 





-22*44* 


-22*44* 
-22*44* 





22*44* 



22*44* 




-33*44* 


-33*44* 
-33*44* 







33*44* 



33*44* 



1*234 


12*3*4 


-1*234 




-1*234 
-1*234 



1*234* 




12*3*4 


-12*3*4 
-12*3*4 
-12*3*4 







12*3*4 
1*234 


1*234* 


-1*234* 




-1*234* 
-1*234* 



1*234* 


1*234 








22*44* 
33*44* 


-1*234 

2* 

1*234* 
12*3*4 



-11*44* 


-33*44* 
-1*234 

2* 3*4* 

1*234* 
12*3*4 





-11*44* 
-22*44* 
-1*234 

1*234* 
12*3*4 



-1*234 
-1*234 
1*234 




+ 



11*22* 



22*44* 



-12*3*4 
-12*3*4 
12*3*4 






-1*234* 
-1*234* 
1*234* 














11*22* 
22*44* 
"~0 



+ 



11*22* 
22*44* 



1 2*3*4* 
-j^ 2*3*4* 

- 11*22* 
22*44* 









Table 8.24: Action of the Lq operators on the basis vectors discussed in 6.2 
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fermionic, 15, 41 
expanded, 60 
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